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A new mathematical model has been developed for the peristaltic transport of Maxwell fluid with heat
and mass transfer, while taking into account the effect of thermal diffusion (Soret), occurring in an asym-
metric channel with creeping flow. The inertia terms are omitted from the equations of motion, which
leads to solutions that approximately valid for low Reynolds number, i.e. Re� 1. The walls are kept at
different but constant temperatures and concentrations. A perturbation solution is acquired, which sat-
isfies the momentum, energy and concentration equations for the case by choosing a small wave number.
Numerical results are evaluated for pressure rise and frictional forces per wavelength. The velocity, tem-
perature and concentration fields have been appraised for diverse values of the parameters entering into
the problem. The influence of diverse parameters of interest on pumping, trapping, temperature and con-
centration profiles has been investigated graphically.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Peristaltic pumping is a form of physiological fluid transport
that occurs in the human body. Peristaltic action is an inherent
neromuscular property of any tubular smooth muscle structure.
The study of heat and mass transfer on the peristaltic transport
has several industrial applications. Typical applications include
processes such as drying, evaporation at the surface of a water
body, energy transfer in wet cooling tower and the flow in a desert
cooler, heat and mass transfer occur simultaneously. When heat
and mass transfer occur simultaneously in a moving fluid, the rela-
tionship between the fluxes and the driving potentials is of more
intricate nature. Mass fluxes can be created by temperature gradi-
ent which is also known as the Soret or thermal-diffusion effect.
The Soret effect has been used for isotope separation and in mix-
ture between gases with very light molecular weight (H2,He) and
of medium molecular weight (H2,air) Gupta and Gupta [1]. In many
previous studies the Soret effect has been neglected, on the basis
that it is of a smaller order of magnitude than the effects described
by Fick’s laws: Radhakrishnamacharya and Radhakrishnamacharya
[2], Chamkha and Khaled [3], Khan et al. [4], Postelnicu [5], Mek-
heimer [6] and Ogulu [7].

Mathematical models have already been derived for a train of
periodic sinusoidal wave in an infinite or finite two dimensional
symmetric or axi-symmetric channel/tubes containing Newtonian
or non-Newtonian fluids. In this direction first initiative was taken
by Latham [8]. Burns and Parkes [9] have investigated the peristal-
tic flow through axially symmetrical pipes and channel under the
effect of creeping flow. Barton and Raynor [10] have investigated
the peristaltic flow in tubes with approximation of low Reynolds
number. Shapiro et al. [11] has also used the long wave length
approximation in studying the peristaltic pumping phenomenon.
Jaffrin and Shapiro [12] have investigated peristaltic pumping with
neglecting inertia terms. Gupta and Seshadri [13] have analyzed
the peristaltic flow through non-uniform channels and tubes with
reference to the flow of spermatic fluid in vas deferens, neglecting
the inertia terms. Srivastava and Srivastava [14] have extended the
analysis of peristaltic transport to two layered model. Mekheimer
[6] has studied the peristaltic transport of a viscous fluid (creeping
flow) through the gap between coaxial tubes, where the outer tube
is non uniform and has a sinusoidal wave traveling down its wall
and the inner one is rigid, uniform tube and moving with a con-
stant velocity.

Further, several authors have attempted to solve momentum
equation related to peristaltic flows with diverse approximations
along with associated heat and mass transfer. However, the creep-
ing flows (low Reynolds number) have not been considered in the
aforementioned work.

Major recent research related to the peristaltic transport with
heat and mass transfer for Newtonian and non-Newtonian fluid in-
cludes the following works. Radhakrishnamacharya and Srinivas-
ulu [15] have examined the influence of wall properties on
peristaltic transport with heat transfer. Srinivas and Kothandapani
[16] have done peristaltic transport in an asymmetric channel with
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heat transfer. Another approach consists of the studying the effect
of heat transfer and magnetic induction on the viscous fluid in a
vertical annulus Mekheimer and Elmabound [17]. Eldabe et al.
[18] has studied the problem of peristaltic transport of a non-New-
tonian fluid with variable viscosity in the presence of heat and
mass transfer along with mixed diffusion flow between a vertical
wall that deforms the shape of a travelling wave and a parallel flat
wall. Srinivas and Kothandapani [19] have investigated the effects
of heat and mass transfer on peristaltic transport in a porous space
with compliant walls. Srinivas and Gayathri [20] have reported the
peristaltic flow of viscous fluid in an asymmetric channel with heat
transfer and porous medium.

Nadeem and Akbar [21] has discussed the influence of radially
varying MHD on the peristaltic flow in an annulus with heat and
mass transfer. Srinivas et al. [22] have investigated mixed convec-
tive heat and mass transfer in an asymmetric channel with peri-
stalsis. El-Sayed et al. [23] has studied the effect of mass
diffusion of chemical species on peristaltic transport through the
vertical porous media in the gap between concentric tubes with
heat and mass transfer. El-Sayed et al. [24] has also been studied
magnetothermodynamic peristaltic flow of Bingham non-Newto-
nian fluid in eccentric annuli with slip velocity and temperature
jump conditions. Tripathi and Beg [25] have studied the unsteady
physiological magneto-fluid flow and heat transfer through a finite
length channel by peristaltic pumping.

Through an extensive survey of existing literature one can say
that creeping effect for non-Newtonian fluids for the peristaltic
transport have not come under considerable attention. In contrast
to existing work, this paper considers heat and mass transfer on
peristaltic transport of creeping flow. The objective of the present
work is to extend the flow analysis of peristaltic mechanism of
Maxwell fluid in an asymmetric channel as presented in Hayat
et al. [26] to creeping flow with Soret effect. The novelty of this
work is that after applying the creeping flow assumption to Max-
well fluid, the effect of non-Newtonian fluid are incorporated. In
this investigation, a mathematical model is presented to under-
stand the influence of creeping flow on the peristaltic transport
of Maxwell fluid in an asymmetric channel with heat and mass
transfer. The momentum, energy and concentration equations are
simplified by neglecting inertia terms and analytic solutions for
the flow variables have been derived. The features of the flow char-
acteristics are analyzed by plotting graphs and discussed in details.
The contributions of Soret number in particular, and those of the
geometrical parameters in general, to the flow, heat and mass
transfer characteristics are found to be quite significant and
interesting.

The rest of this paper has been organized as follows: Mathemat-
ical model has been presented in Section 2, problem has been for-
mulated in Section 3, Perturbation based solution has been
presented in Section 4 and detailed discussion about the results
has been given in Section 5. Finally, some conclusions have been
drawn out in Section 6.

2. Mathematical model

The motion of the steady, heat and mass transfer equations of
Maxwell fluid is governed by the following system of equations:

r:V ¼ 0; ð1Þ

qðV:rÞV ¼ rT0 þ qbþ R; ð2Þ

T0:L �r:qþ qr ¼ qðV:rÞe; ð3Þ

ðV:rÞC ¼ D:rðrCÞ þ DKT

Tm
r:ðr:TÞ � k1C; ð4Þ
where

T0 ¼ �pIþ S; ð5Þ

SþK1
dS
dt
� LS� SL

� �
¼ lA1; ð6Þ

L ¼ r:V; ð7Þ

A1 ¼ ðr:VÞ þ ðr:VÞt : ð8Þ

Here, V is the velocity vector, b is the body force (assumed to be
zero), R is the Darcy’s resistance, p is the pressure, l is the constant
viscosity, K1 is the relaxation time, q is the fluid density, S is the ex-
tra stress tensor, T

0
is the Cauchy stress tensor, A1 is the first Rivlin–

Ericksen tensor, r is the radiant heating (assumed to be zero), e = CpT
is the specific internal energy, where Cp is the specific heat and T is
the temperature, q = �krT is the heat flux vector, where k is the
constant thermal conductivity, C is the mass concentration, Tm is
the mean fluid temperature, KT is the thermal diffusion ratio and
k1 is the chemical reaction parameter.

3. Formulation of the problem

Let us consider the steady and incompressible flow of Maxwell
fluid in an asymmetric channel. The surface is maintained at uni-
form constant temperature and concentration, see Fig. 1. The flow
has significant Soret effect while satisfying creeping flow
assumption.

The motion of an incompressible fluid is caused by sinusoidal
wave trains propagating with constant speed c along the channel
walls as defined by the following pair of equations:

h01ðX
0; t0Þ ¼ d1 þ a1 sin

2p
k1
ðX0 � ct0Þ

� �
;

h02ðX
0; t0Þ ¼ �d2 � b1 sin

2p
k1
ðX 0 � ct0Þ þu

� �
: ð9Þ

In Eq. (9), a1 and b1 are the waves amplitude, d1 + d2 is the channel
width, k1 is the wave length, c is the wave speed, u(0 6 u 6 p) is
the phase difference, X

0
and Y

0
are the rectangular coordinates.

Moreover, u = 0 corresponds to symmetric channel with waves
out of phase and for u = p the waves are in phase. Further,
a1,b1,d1,d2 and u satisfy the condition: a2

1 þ b2
1 þ 2a1b1 cos u 6

ðd1 þ d2Þ2: The wall Y ¼ h01 is kept at a temperature T0 and concen-
tration C0 and the wall Y ¼ h02 is kept at a temperature T1 and con-
centration C1.

Introducing a wave frame (x
0
,y
0
) moving with velocity c away

from the fixed frame (X
0
,Y
0
) by the transformation:

x0 ¼ X 0 � ct; y0 ¼ Y 0; u0ðx0; y0Þ
¼ U0ðX0;Y 0; t0Þ � c; v 0ðx0; y0Þ ¼ V 0ðX 0;Y 0; t0Þ; ð10Þ

where (u
0
,v0) are the velocity components in wave frame. The gov-

erning equations in the wave frame are given as below:

@u0

@x0
þ @v

0

@y0
¼ 0; ð11Þ

q u0
@

@x0
þ v 0 @

@y0

� �
u0 ¼ � @p0

@x0
þ @S0xx0

@x0
þ
@S0xy0

@y0
; ð12Þ

q u0
@

@x0
þ v 0 @

@y0

� �
v 0 ¼ � @p0

@y0
þ
@S0xy0

@x0
þ
@S0yy0

@y0
; ð13Þ

qCp u0
@

@x0
þ v 0 @

@y0

� �
T ¼ k

@2T
@x02
þ @

2T
@y02

" #
þ S0xx0

@u0

@x0
þ S0yy0

@v 0
@y0

þ S0xy0
@v 0
@x0
þ @u0

@y0

� �
� 1

q
@qr

@y
; ð14Þ



Fig. 1. Physical model of the problem.
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u0
@

@x0
þ v 0 @

@y0

� �
C ¼ D

@2C
@x02
þ @

2C
@y02

" #
þ DKT

Tm

@2T
@x02
þ @

2T
@y02

" #
� k1ðC � C0Þ: ð15Þ

S0xx0 þK1 u0
@

@x0
þ v 0 @

@y0

� �
S0xx0 � 2

@u0

@x0
S0xx0 þ

@u0

@y0
S0xy0

� �� �
¼ 2l @u0

@x0
; ð16Þ

S0yy0 þK1 u0
@

@x0
þ v 0 @

@y0

� �
S0yy0 � 2

@v 0
@x0

S0xy0 þ
@v 0
@y0

S0yy0

� �� �
¼ 2l

@v 0
@y0

; ð17Þ

S0xy0 þ K1 u0
@

@x0
þ v 0 @

@y0

� �
S0xy0 �

@u0

@y0
S0xy0 þ

@v 0
@x0

S0xx0

� �� �
¼ l @u0

@y0
þ @v

0

@x0

� �
; ð18Þ

We have introduced the following dimensionless quantities:

x ¼ 2px0
k1
; y ¼ Y 0

d1
; u ¼ u0

c ; v ¼ v 0
c ; a ¼ a1

d1 ; b ¼ b1
d1
;

d ¼ d2
d1
; S ¼ d1S0

lc ; Re ¼ qcd1
l ; k ¼ K1c

d1
; d ¼ 2pd1

k1
;

p ¼ 2pd2
1p0

klc ; h1 ¼ h01
d1
; h2 ¼ h02

d1
; u ¼ @w

@y ; v ¼ �d @w
@x ;

c ¼ T�T0
T1�T0

; / ¼ C�C0
C1�C0

; R ¼ 16r�T3
0d2

1
3kK� ; Pr ¼ lCp

k ;

E ¼ c2

CpðT1�T0Þ
; Br ¼ EPr; Sc ¼ l

qD ; v ¼ qk1d2
1

l

Sr ¼ qðT1�T0ÞDKT
lTmðC1�C0Þ

:

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

ð19Þ

Substituting Eq. (19) into Eqs. (11)–(18), we obtain:

@u
@x
þ@v
@y
¼ 0; ð20Þ

Red
@w
@y

@

@x
�@w
@x

@

@y

� �
@w
@y

� �
¼�@p

@x
þd

@Sxx

@x
þ@Sxy

@y
; ð21Þ

�d3Re
@w
@y

@

@x
�@w
@x

@

@y

� �
@w
@x

� �
¼�@p

@y
þd

@Syy

@y
þd2 @Sxy

@x
; ð22Þ

dPrRe
@w
@y

@

@x
�@w
@x

@

@y

� �
c

� �
¼ d2 @

2

@x2þ
@2

@y2

" #
cþBr

d Sxx�Syy
� �

@2w
@x@yþ

@2w
@y2 �d2 @2w

@x2

� 	
Sxy

2
64

3
75þR

@2c
@y2 ; ð23Þ

dRe
@w
@y

@

@x
�@w
@x

@

@y

� �
/

� �
¼ 1

Sc
d2 @

2

@x2þ
@2

@y2

" #
/þSr d2 @

2c
@x2þ

@2c
@y2

" #
�v/; ð24Þ

Sxxþk d
@w
@y

@

@x
�@w
@x

@

@y

� �
Sxx�2 dSxx

@2w
@x@y

þSxy
@2w
@y2

 !" #
¼2d

@2w
@x@y

; ð25Þ

Syyþk d
@w
@y

@

@x
�@w
@x

@

@y

� �
Syyþ2 d2Sxy

@2w
@x2 þdSyy

@2w
@x@y

 !" #
¼�2d

@2w
@x@y

; ð26Þ

Sxyþk d
@w
@y

@

@x
�@w
@x

@

@y

� �
Sxyþ d2Sxx

@2w
@x2 �Syy

@2w
@y2

 !" #
¼ @

2w
@y2 �d2 @

2w
@x2 : ð27Þ
By eliminating p from the Eqs. (21) and (22), we get the following
equation:

dRe
@w
@y

@

@x
� @w
@x

@

@y

� �
d2 @

2w
@x2 þ

@2w
@y2

 !" #

¼ d2 @2

@x@y
Sxx � Syy
� �

þ @2

@y2 � d2 @2

@x2

 !
Sxy; ð28Þ

Thus, the continuity equation is satisfied; whereas w is the stream

function, f is the flux in the wave frame, Re ¼ qcd1
l is the Reynolds

number, k ¼ K1c
d1

is the Weissenberg number, d ¼ 2pd1
k1

is the wave

number, Br = E Pr is the Brinkman number, Pr ¼ lCp

k is the Prandtl

number, E ¼ c2

CpðT1�T0Þ
is the Eckert number, Sc ¼ l

qD is the Schmidt

number and Sr ¼ qðT1�T0ÞDKT
lTmðC1�C0Þ

is the Soret number. The boundary con-

ditions conferred are as follows:

w ¼ f
2 ; y ¼ h1ðxÞ ¼ 1þ a sin x;

w ¼ � f
2 ; y ¼ h2ðxÞ ¼ �d� b sinðxþuÞ;

@w
@y ¼ �1 at y ¼ h1 and y ¼ h2;

c ¼ 0; / ¼ 0; at y ¼ h1;

c ¼ 1; / ¼ 1; at y ¼ h2:

9>>>>>>>=
>>>>>>>;

ð29Þ

The dimensionless forms of h01ðX
0; t0Þ and h02ðX

0; t0Þ are given by:

h1ðxÞ ¼ 1þ a sin x h2ðxÞ ¼ �d� b sinðxþuÞ;

which satisfy the following condition:

a2 þ b2 þ 2ab cos u 6 ð1þ dÞ2;

where the respective dimensionless quantities mean flow rate h and
f in the fixed and wave frame are related through the following
equation:

f ¼ h� 1� d;

while c and / represent the temperature and mass profiles at the
walls.

For creeping flow (Re� 1), the inertia terms are neglected from
the following set of Eqs. (21)–(24) and (28). The Darcy’s resistance
R and chemical reaction parameter k1 are assumed to be zero

which leads to R @2c
@y2 ! 0 and v/ ? 0. Thus, we obtain the

following:



M. Saleem, A. Haider / International Journal of Heat and Mass Transfer 68 (2014) 514–526 517
�@p
@x
þd

@Sxx

@x
þ@Sxy

@y
¼0; ð30Þ

�@p
@y
þd

@Syy

@y
þd2@Sxy

@x
¼0; ð31Þ

d2 @2

@x@y
Sxx�Syy
� �

þ @2

@y2�d2 @
2

@x2

 !
Sxy¼0; ð32Þ

d2 @
2

@x2þ
@2

@y2

" #
cþBr d Sxx�Syy

� � @2w
@x@y

þ @2w
@y2 �d2@

2w
@x2

 !
Sxy

" #
¼0; ð33Þ

1
Sc

d2@
2/
@x2 þ

@2/
@y2

" #
þSr d2@

2c
@x2þ

@2c
@y2

" #
¼0: ð34Þ
4. Perturbation solution

In order to obtain the closed form solution of above mentioned
problem, an effort has been made by employing power series
expansion in the small parameter d. This solution should be valid
for any arbitrary set of values of all parameters used in mathemat-
ical model. Major equations governing the perturbation solution
method are as follows:

w ¼ w0 þ dw1 þ d2w2 þ Oðd3Þ;
dp
dx ¼

dp0
dx þ d dp1

dx þ d2 dp2
dx þ Oðd3Þ;

Sxx ¼ S0xx þ dS1xx þ d3S2xx þ Oðd3Þ;
Syy ¼ S0yy þ dS1yy þ d3S2yy þ Oðd3Þ;
Sxy ¼ S0xy þ dS1xy þ d3S2xy þ Oðd3Þ;
f ¼ f0 þ df1 þ d2f2 þ Oðd3Þ;
p ¼ p0 þ dp1 þ d2p2 þ Oðd3Þ;
c ¼ c0 þ dc1 þ d2c2 þ Oðd3Þ;
/ ¼ /0 þ d/1 þ d2/2 þ Oðd3Þ:

9>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>;

ð35Þ

Inserting these equations into Eqs. (25)–(27) and (30)–(34) we can
get the following systems.

4.1. Zeroth order system

@p0

@x
¼ @

3w0

@y3 ; ð36Þ

@p0

@y
¼ 0; ð37Þ

@4w0

@y4 ¼ 0; ð38Þ

S0yy ¼ 0; ð39Þ

S0xy ¼
@2w0

@y2 ; ð40Þ

S0xx ¼ 2k
@2w0

@y2

 !2

; ð41Þ

@2c0

@y2 þ Br
@2w0

@y2

 !2

¼ 0; ð42Þ

1
Sc

@2/0

@y2 þ Sr
@2c0

@y2

 !
¼ 0; ð43Þ
w0 ¼
f0

2
;

@w0

@y
¼ �1; c0 ¼ 0; /0 ¼ 0; at y ¼ h1ðxÞ; ð44Þ

w0 ¼ �
f0

2
;

@w0

@y
¼ �1; c0 ¼ 1; /0 ¼ 1; at y ¼ h2ðxÞ: ð45Þ
4.2. First order system

S1yy ¼ �2
@2w0

@x@y
; ð46Þ

S1xy ¼
@2w1

@y2 � k
@w0

@y
@

@x
� @w0

@x
@

@y

� �
@2w0

@y2 � 2
@2w0

@y2

@2w0

@x@y

" #
; ð47Þ

S1xx ¼ 2
@2w0

@x@y
þ 4k

@2w0

@y2

@2w1

@y2

� 2k2 @w0

@y
@

@x
� @w0

@x
@

@y

� �
@2w0

@y2

 !2
2
4

3
5

� 2k2 @2w0

@y2

 !
@w0

@y
@

@x
� @w0

@x
@

@y

� �
@2w0

@y2

 !" #
; ð48Þ

@p1

@x
¼ 2k

@

@x
@2w0

@y2

 !2
2
4

3
5þ @3w1

@y3

� k
@

@y
@w0

@y
@

@x
� @w0

@x
@

@y

� �
@2w0

@y2

" #

� 2k
@

@y
@2w0

@y2

@2w0

@x@y

" #
; ð49Þ

@p1

@y
¼ 0; ð50Þ

�2k
@2

@x@y
@w0

@y

� �2
" #

¼ @
4w1

@y4 � k
@2

@y2

@w0

@y
@

@x
� @w0

@x
@

@y

� �
@2w0

@y2

" #

� 2k
@2

@y2

@2w0

@y2

@2w0

@x@y

" #
; ð51Þ

@2c1

@y2 þ Br 2
@2w1

@y2

@2w0

@y2 � k
@2w0

@y2

@w0

@y
@

@x
� @w0

@x
@

@y

� �
@2w0

@y2

( )" #
¼ 0;

ð52Þ

1
Sc

@2/1

@y2
þ Sr

@2c1

@y2 ¼ 0; ð53Þ

w1 ¼
f1

2
;

@w1

@y
¼ 0; c1 ¼ 0; /1 ¼ 0; at y ¼ h1ðxÞ; ð54Þ

w1 ¼ �
f1

2
;

@w1

@y
¼ 0; c1 ¼ 0; /1 ¼ 0; at y ¼ h2ðxÞ: ð55Þ
4.3. Second order system

S2xy ¼
@2w2

@y2 �
@2w0

@x2 � k
@w1

@y
@

@x
� @w1

@x
@

@y

� �
@2w0

@y2

 !" #
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� k
@w0

@y
@

@x
� @w0

@x
@

@y

� �
@2w1

@y2

 !" #

þ k2 @w0

@y
@

@x
� @w0

@x
@

@y

� �2
@2w0

@y2

 !" #

þ 4k2 @w0

@y
@

@x
� @w0

@x
@

@y

� �
@2w0

@y2

 !
@2w0

@x@y

 !" #

� 4k
@2w0

@x@y

 !
@2w1

@y2

 !" #
þ 4k2 @2w0

@y2

 !
@2w0
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S1xx
@2w0
@x@y þ S0xx

@2w1
@x@y � S0yy

@2w1
@x@y � S1yy
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@x@y

þ @2w0
@y2 S2xy þ @2w1

@y2 S1xy þ @2w2
@y2 S0xy � @2w0

@x2 S0xy

0
@
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A ¼ 0;
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1
Sc

@2c0

@x2 þ
@2/2

@y2

" #
þ Sr

@2c0

@x2 þ
@2c2

@y2

" #
¼ 0; ð61Þ

w2 ¼
f2

2
;

@w2

@y
¼ 0; c2 ¼ 0; /2 ¼ 0; at y ¼ h1ðxÞ; ð62Þ

w2 ¼ �
f2

2
;

@w2

@y
¼ 0; c2 ¼ 0; /2 ¼ 0; at y ¼ h2ðxÞ: ð63Þ

After solving the above three systems (Zero, First and Second
order), we get the following solutions:

4.4. Zeroth order solution

w0 ¼ L1y3 þ L2y2 þ L3yþ L4;

u0 ¼ 3L1y2 þ 2L2yþ L3;

c0 ¼ P1y4 þ P2y3 þ P3y2 þ P4yþ P5;

/0 ¼ B1y4 þ B2y3 þ B3y2 þ B4yþ B5;

dp0

dx
¼ �12ðF0 þ h1 � h2Þ

ðh1 � h2Þ3
;

DPk0 ¼
Z 2p

o

dp0

dx
dx;

Fk01 ¼
Z 2p

0
�h2

1ð
dp0

dx
Þdx; Fk02 ¼

Z 2p

0
�h2

2
dp0

dx

� �
dx:
4.5. First order solution

w1 ¼ G1y3 þ G2y2 þ G3yþ G4;

u1 ¼ 3G1y2 þ 2G2yþ G3;

dp1

dx
¼ 6G1 þ 4L2L2xk� 6L1xL3k� 6L1L3xk;

c1 ¼ R1y6 þ R2y5 þ R3y4 þ R4y3 þ R5y2 þ R6yþ R7;

/1 ¼ S1y6 þ S2y5 þ S3y4 þ S4y3 þ S5y2 þ S6yþ S7;

DPk1 ¼
Z 2p

o

dp1

dx
dx;

Fk11 ¼
Z 2p

0
�h2

1ð
dp1

dx
Þdx; Fk12 ¼

Z 2p

0
�h2

2
dp1

dx

� �
dx:
4.6. Second order solution

w2 ¼ K1y8 þ K2y7 þ K3y6 þ K4y5 þ K5y4 þ K6y3 þ K7y2 þ K8yþ K9;

u2 ¼ 8K1y7 þ 7K2y6 þ 6K3y5 þ 5K4y4 þ 4K5y3 þ 3K6y2 þ 2K7yþ K8;

dp2

dx
¼ K10y5 þ K11y4 þ K12y3 þ K13y2 þ K14yþ K15;

c2 ¼ C1y8 þ C2y7 þ C3y6 þ C4y5 þ C5y4 þ C6y3 þ C7y2 þ C8yþ C9;

/2 ¼ C10y8 þ C11y7 þ C12y6 þ C13y5 þ C14y4 þ C15y3 þ C16y2 þ C17yþ C18;

DPk2 ¼
Z 2p

o

dp2

dx
dx;

Fk21 ¼
Z 2p

0
�h2

1
dp2

dx

� �
dx; Fk22 ¼

Z 2p

0
�h2

2
dp2

dx

� �
dx;

All of the constants involved in Zero, First and Second order solu-
tions, as given above, are provided in Appendix.

The expressions of DPk,dp/dx,c,/ and Fk up to O(d2) are denoted
by DPð2Þk ; dpð2Þ=dx; cð2Þ;/ð2Þ and Fð2Þk . Mathematically we can write:

DPð2Þk ¼ DPk0 þ dDPk1 þ dDPk2 ;

dpð2Þ=dx ¼ dp0

dx
þ d

dp1

dx
þ d2 dp2

dx
;

cð2Þ ¼ c0 þ dc1 þ d2c2;

/ð2Þ ¼ /0 þ d/1 þ d2/2;

Fð2Þk ¼ Fk0 þ dFk1 þ d2Fk2

and the final expressions for the pressure rise per wavelength, pres-
sure gradient, temperature, mass and frictional forces can be ob-
tained from Eqs. of zeroth to second order solutions.
5. Discussion

In this section we have discussed our results, namely:
pumping characteristics, heat characteristics, mass characteris-
tics, behavior of velocity and trapping. Further, in the next five
subsections, we have presented and analyzed the behavior of
the solutions for stream function (w), velocity (u), temperature
(c(2)), mass (/(2)), pressure gradient (dp(2)/dx), pressure rise per
wave length ðDPð2Þk Þ and frictional force ðFð2Þk Þ for the several
values of wave number (d), Weissenberg number (k), phase
(u), Brinkman number (Br), Schmidt number (Sc) and Soret
number (Sr).



Fig. 2. Influence of d on dp(2)/dx when a = 0.5, b = 0.5, d = 0.6, h = 0.3, u = p/4, and
k = 0.1.

Fig. 3. Influence of k on dp(2)/dx when a = 0.5, b = 0.5, d = 0.6, h = 0.5, u = p/4, and
d = 0.01.

Fig. 4. Influence of d on DPð2Þk when a = 0.3, b = 0.5, d = 0.4, u = 0.1, k = 0.1.

Fig. 5. Influence of k on DPð2Þk when a = 0.3, b = 0.3, d = 0.6, u = 0.1, d = 0.01.

Fig. 6. Influence of don Fð2Þk at the upper wall h1(x) when a = 0.3, d = 0.6,
b = 0.4, u = 0.1, k = 0.1.

Fig. 7. Influence of d on Fð2Þk at the lower wall h2(x) when a = 0.3, d = 0.6, b = 0.3,
u = 0.1, k = 0.1.
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5.1. Pumping characteristics

This subsection illustrates the behavior of emerging parameters
d and k on dpð2Þ=dx;DPð2Þk and Fð2Þk . In Fig. 2 the variation of dp(2)/dx
versus x is shown for different values of d by keeping the other
parameters at fixed values. We can observe that pressure gradient
is relatively small in the wider part of the channel. The flow can
easily pass without imposition of large pressure gradient. Inspite
of being in the narrow part of the channel there is a need of much
pressure gradient to maintain the flux to pass through it, especially
near x = 4.4. In short dp(2)/dx in viscous fluid is less than Maxwell
fluid. The behavior of k in Fig. 3 is similar to the behavior of d in
Fig. 2.

The dimensionless pressure rise per wave length versus varia-
tion of time-averaged flux h has been plotted in Figs. 4 and 5. Here
the upper right-hand quadrant (I) denotes the region of peristalsis
pumping, where h(2) > 0 (positive pumping) and DPð2Þk > 0 (adverse
pressure gradient). Quadrant (II), where DPð2Þk < 0 (favorable



Fig. 8. Influence of d on c(2) when a = 0.5, b = 0.5, d = 1, u = p/6, Br = 1, h = 1.5,
x = 0.1, k = 0.5.

Fig. 9. Influence of k on c(2) when a = 0.5, b = 0.5, d = 1, u = p/6, Br = 1, h = 1.5,
x = 0.1, d = 0.5.

Fig. 10. Influence of Br on c(2) when a = 0.5, b = 0.5, d = 1, u = p/6, d = 0.5, h = 1.5,
x = 0.1, k = 0.5.

Fig. 11. Influence of u on c(2) when a = 0.5, b = 0.5, d = 1, d = 0.1, Br = 1,
h = 1.5, x = 0.1, k = 0.5.

Fig. 12. Influence of d on /(2) when a = 0.5, b = 0.5, d = 1, u = p/6, Br = 1, h = 1.5,
x = 0.1, k = 0.5, Sc = 1, Sr = 1.

Fig. 13. Influence of k on /(2) when a = 0.5, b = 0.5, d = 1, u = p/6, Br = 1,
h = 1.5, x = 0.1, d = 0.1, Sc = 1, Sr = 1.
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pressure gradient) and h(2) > 0 (positive pumping), is designated as
augmented flow (copumping region). Quadrant (IV), such that
DPð2Þk > 0 (adverse pressure gradient) and h(2) < 0, is called retro-
grade or backward pumping. The flow is opposite to the direction
of the peristaltic motion, and there is no flow in the last (Quadrant
(III)). Fig. 4 show that, there is an inversely linear relation between
DPð2Þk and h(2), i.e. for the adverse pressure gradient and for the free
pumping, the pumping decreases with the increase of d. On the
other hand, in the copumping region the pumping increases with
the increase of d. In Fig. 5, we can say that for the adverse pressure
gradient and for the free pumping, the pumping increases with the
increase of k. However, in the copumping region the pumping is
decreasing.

The frictional forces Fð2Þk at the upper wall (y = h1(x)) of the chan-
nel with dimensionless time mean flow h(2) is plotted in Fig. 6. This
shows that there exists a critical value of h(2) below which Fð2Þk



Fig. 14. Influence of Br on /(2) when a = 0.5, b = 0.5, d = 1, u = p/6, d = 0.01, h = 1.5,
x = 0.1, k = 0.5, Sc = 1, Sr = 1.

Fig. 15. Influence of u on /(2) when a = 0.5, b = 0.5, d = 1, d = 0.1, Br = 1,
h = 1.2, x = 0.1, k = 0.5, Sc = 1, Sr = 1.

Fig. 16. Influence of Sc on /(2) when a = 0.5, b = 0.5, d = 1, u = p/6, Br = 1, h = 1.5,
x = 0.1, k = 0.5, d = 0.01, Sr = 1.

Fig. 17. Influence of Sr on /(2) when a = 0.5, b = 0.5, d = 1, u = p/6, Br = 1,
h = 1.5, x = 0.1, k = 0.5, Sc = 1, d = 0.01.

Fig. 18. Influence of d on u when a = 0.4, b = 0.3, d = 0.5, u = p/2, h = 0.1,
x = � 0.4, k = 0.1.

Fig. 19. Influence of k on u when a = 0.4, b = 0.3, d = 0.5, u = p/2, h = 0.5,
x = � 0.4, d = 0.5.
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resists the flow and an increase in d causes an increase in Fð1Þk . Fig. 7
shows the influence of d on Fð2Þk at the lower wall (y = h2(x)) of the
channel with h(2). We note that Fð1Þk assists the flow for all h(1) P 0
and d plays the similar role for the variation of Fð1Þk at the lower and
upper walls of the channel.
5.2. Heat characteristics

Effect of heat transfer on peristalsis is shown in Figs. 8–11. In
Fig. 8 and 9, we have observed the effects of d and k on the temper-
ature profile c(2) while keeping the other parameters at fixed val-
ues. These figures indicate that the temperature profiles are



Fig. 20. Influence of d on w with a = 0.5, b = 0.5, d = 0.7, h = 1.55, k = 1.5, u = p/6. (a) d = 0 (b) d = 0.06 (c) d = 0.09.
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almost parabolic and temperature increases with the increase of d
and k. Fig. 10 depicts the effect of Br on the temperature profile.
One can observe that the temperature profile is an increasing func-
tion of Br. Also, the Fig. 10 shows that the temperature profiles are
almost parabolic except when Br = 0. In Fig. 11, the effect of u on
the temperature profile h has been observed. No considerable var-
iation occurs near the wall y = h1, but the amplitude of the temper-
ature near the wall y = h2 of the channel has increased.

5.3. Mass characteristics

Influence of mass transfer on peristalsis is shown in Figs. 12–17.
The Figs. 12 and 13 depict the similar behavior as with the increase
of d and k the concentration is decreased. Fig. 14 illustrates that
concentration is a decreasing function of the Br. The concentration
profiles /(2) are almost parabolic. Fig. 15 gives the effect of u on the
concentration when the other parameters are fixed. It can be pre-
dict that concentration is a decreasing function of u near the both
walls. Figs. 16 and 17 illustrate that concentration is a decreasing
function of Sc and Sr.

5.4. Behavior of velocity

The variations of the small d and k on the longitudinal velocity u
in the asymmetric channel have been shown in this subsection.
Fig. 18 gives the result that an increase in d decreases the magni-
tude of u near the boundaries. However, at the center of the chan-
nel the role of wave number is quite opposite to that of near the
boundaries. Fig. 19 gives the same behavior for the k as for the d.
5.5. Trapping

In this subsection, the variation of d and k are shown in Fig. 20
and Fig. 21. Fig. 20 is plotted for the d. Panel (a) is for the viscous
fluid and bolus is symmetric about the center line. Panels (b) and
(c) show that the bolus increases with an increase of wave number.
Fig. 21 shows the trapping for the k. In panel (a) the bolus is sym-
metric about the center line and panels (b), (c) and (d) indicate that
the bolus increases with an increase in k.

6. Conclusion

The effects of creeping flow on the peristaltic transport of Max-
well fluid in an asymmetric channel with heat and mass transfer
have been analyzed. Numerical and analytical solutions have also
been developed for the stream function, velocity, temperature,
mass, frictional forces, pressure gradient, pressure rise per wave
length and rate of heat and mass transfer. The final results obtained
are as follows:

� For the creeping flow, we have result that is similar to that for
the viscous case up to first order but afterwards in case of sec-
ond order we get the results for Maxwell fluid Hayat et al. [26].
� The peristaltic pumping rate decreases by increasing the wave

number and in the copumping region the pumping rate
increases by increasing the wave number.
� The magnitude of longitudinal velocity at the boundaries is

decreasing function of wave number and at the center of the
channel is an increasing function of the wave number.



Fig. 21. Influence of k on w with a = 0.5, b = 0.5, d = 0.7, h = 1.55, d = 0.09, u = p/6. (a)k = 1, (b)k = 1.3, (c)k = 1.5, (d)k = 1.7.
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� The size of the trapped bolus increases by increasing the wave
number.
� The temperature profile is increased as the values of the wave

number, Weissenberg number, Brinkman number and phase
are increased.
� The concentration profile is decreased as the values of wave

number, Weissenberg number, Brinkman number, Schmidt
number, Soret number and phase are increased.

Appendix A

L1 ¼
�2ðf0 þ h1 � h2Þ
ðh1 � h2Þ3

; L2 ¼
3ðf0 þ h1 � h2Þðh1 þ h2Þ

ðh1 � h2Þ3
;

L3 ¼
�ðh3

1 þ 3h2
1h2 þ 3h1ð2f 0 � h2Þh2 � h3

2Þ
ðh1 � h2Þ3

;

L4 ¼
�ðh1 þ h2Þð2h1h2ð�h1 þ h2Þ þ f0ðh2

1 � 4h1h2 þ h2
2ÞÞ

2ðh1 � h2Þ3
;

P1 ¼ �3BrL2
1; P2 ¼ �4BrL1L2; P3 ¼ �2BrL2

2;

P4 ¼
1

ðh1 � h2Þ
ð�1þ Brð3h4

1L2
1 þ 4h3

1L1L2 þ 2h2
1L2

2 � h2
2ð3h2

2L2
1

þ 4h2L1L2 þ 2L2
2ÞÞÞ;
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1
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1L2
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1L1L2 � 2h1L2
2 þ h2ð3h2

2L2
1

þ 4h2L1L2 þ 2L2
2ÞÞÞÞ;

B1 ¼ 3BrL2
1ScSr; B2 ¼ 4BrL1L2ScSr; B3 ¼ 2BrL2
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B4 ¼ �
1

ðh1 � h2Þ
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1L2
1 þ 4h3
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1L2
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1h2 � 3h1h2
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K1 ¼ �
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L1L1xxL1xk
2; K2

¼ � 1
30
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2 � 90L1L1xxL2

1xk
2 þ 72L1L1xL2xxk

2
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2Þ;
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K3 ¼ �
1
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ð72L1L1xxL2k

2 � 36L1xxL1xL2k
2 � 18L2

1xL2k
2 þ 216L2

1L2xxk2

� 54L1L1xL2xxk
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1
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1
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2ÞÞÞ;

K8 ¼ �
1

840ðh1 � h2Þ3
ðh1h2ð5040f 2 þ ðh1 � h2Þ3ð14K3h3

1 þ 8K2h4
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þ 5K1h5
1 þ 28K3h2

1h2 þ 17K2h3
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þ 7K4ð4h12þ 7h1h2þ 4h22ÞÞÞÞ;
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ð�2520f 2ðh
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2Þ
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1 þ 24K2h3
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2

þ 36K2h1h2
227K1h2

1h2
2 þ 24K2h3

2 þ 24K1h1h3
2 þ 15K1h4

2

þ 84K4ðh1 þ h2ÞÞÞ;
R1 ¼
12
5

BrL2
1L1xk; R2 ¼

24
5

BrL1L1xL2k;

R3 ¼ �
1

12
Brð72G1L1 � 24L1xL2

2k� 24L1L2L2xk� 36L1L1xL3k

þ 36L2
1L3xkÞ;

R4 ¼ �
1
6

Brð24G2L1 þ 24G1L2 � 8L2
2L2xk� 12L1xL2L3k� 12L1L2xL3k

þ 12L1L2L3xkþ 36L2
1L4xkÞ;

R5 ¼ �
1
2

Brð8G2L2 � 4L2L2xL3kþ 12L1L2L4xkÞ;

R6 ¼
1

60
ð�2h5

1R1 � h4
1ð2h2R1 þ 3R2Þ � h3

1ð2h2
2R1 þ 3h2R2 þ 5R3Þ

� h2
1ð2h3

2R1 þ 3h2
2R2 þ 5h2R3 þ 10R4Þ � h1ð2h4

2R1 þ 3h3
2R2

þ 5h2
2R3 þ 10h2R4 þ 30R5Þ � h2ð2h4

2R1 þ 3h3
2R2 þ 5h2

2R3

þ 10h2R4 þ 30R5ÞÞ;

R7 ¼
1

60
h1h2ð2h4

1R1 þ 2h4
2R1 þ 3h3

2R2 þ h3
1ð2h2R1 þ 3R2Þ þ 5h2

2R3

þ h2
1ð2h2

2R1 þ 3h2R2 þ 5R3Þ þ 10h2R4 þ h1ð2h3
2R1 þ 3h2

2R2

þ 5h2R3 þ 10R4Þ þ 30R5Þ;

S1 ¼ �SrScR1; S2 ¼ �SrScR2; S3 ¼ �SrScR3;

S4 ¼ �SrScR4; S5 ¼ �SrScR5;

S6 ¼ �
1
h2
ð�h6

2R1ScSr � h5
2R2ScSr � h4

2R3ScSr � h3
2R4ScSr � h2

2R5ScSr

� h2R6ScSr � R7ScSrÞ þ 1
h2ð�h1 þ h2Þ

ð�h6
1h2R1ScSr

þ h1h6
2R1ScSr � h5

1h2R2ScSr þ h1h5
2R2ScSr � h4

1h2R3ScSr

þ h1h4
2R3ScSr � h3

1h2R4ScSr þ h1h3
2R4ScSr � h2

1h2R5ScSr

þ h1h2
2R5ScSr þ h1h5

2R2ScSr þ h1R7ScSr � h2R7ScSrÞ;

S7 ¼ �
1

ð�h1 þ h2Þ
ð�h6

1h2R1ScSr þ h1h6
2R1ScSr � h5

1h2R2ScSr

þ h1h5
2R2ScSr � h4

1h2R3ScSr � h3
1h2R4ScSr þ h1h3

2R4ScSr

� h2
1h2R5ScSr þ h1h2

2R5ScSr þ h1R7ScSr � h1h4
2R3ScSr

� h2R7ScSrÞ;

K10 ¼ ð336K1 þ 216L1L1xxL1xk
2Þ; K11

¼ ð210K2 þ 288L2
1L1xxk

2 � 90L1L1xxL1xk
2 � 90L1L2

1xk
2

þ 72L1xxL1xL2k
2 þ 72L1xxL1xL2xxk

2 þ 216L1L1xxL2xk
2Þ;

K12 ¼ ð120K3 þ 96L1L1xxL2k
2 � 48L1xxL1xL2k

2 � 24L2
1xL2k

2

þ 288L2
1L2xxk

2 � 72L1L1xL2xxk
2 þ 24L1xL2L2xxk

2 � 96L1L1xk
2

þ 72L1xxL2L2xk
2 þ 72L1L2xxL2xk

2 þ 216L1L1xxL3xk
2Þ;

K13 ¼ ð60K4 þ 144G1xL1 þ 3L1xx þ 144G1L1x � 36G1xL1k

� 252G1L1xkþ 648L2
1L1xxk

2 þ 144L1L2L2xxk
2 � 36L1xL2L2xxk

2

� 24L1xL2L2xk
2 þ 24L2L2xxk

2 þ 36L1L2
2xk

2 � 18L1xxL1xL3k
2

þ 216L2
1L3xxk

2 � 54L1L1xL3xxk
2 � 216L1L1xL3xk

2 þ 72L1xxL2L3xk
2

� 24L1xxL2
2k

2 þ 72L1L2xxL3xk
2 þ 216L1L1xxL4xk

2Þ;
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K14 ¼ ð24K5 þ 48G2xL1x þ 48G1xL2 þ 2L2xx þ 48G1L1x � 24L1xxL2
2k

2

� 24G1xL2 þ 288L1L1xxL2k
2 þ 144L2

1L2xxk
2 þ 8L2L2

2xk
2

� 24L1xxL2L3k
2 þ 24L1L2xxL3k

2 � 12L1xL2xxk
2 þ 120L1L2L3xxk

2

� 24L1xL2L3xxk
2 � 48L1xL2L3xk

2 þ 24L2L2xxL3xk
2 þ 24L1L2xL3xk

2

� 24L1xxL2
2k

2 � 96G1L2xkþ 72L2
1L4xxk

2 � 36L1L1xL4xxk
2

� 360L1L1xL4xk
2 þ 72L1xxL2L4xk

2 þ 72L1L2xxL4xk
2Þ;

K15 ¼ ð6K6 þ 16G2xL2 þ 16G2L2x þ L3xx þ 6G3xL1k� 6G3L1xk

� 4G2xL2k� 20G2L2xk� 6G1xL3k� 18G1L3xkþ 24L1xxL2
2k

2

þ 48L1L2L2xxk
2 � 8L2L2xxL3k

2 � 4L2
2xL3k

2 þ 24L1L3L3xxk
2

� 6L1xL3L3xxk
2 þ 8L2L3xk

2 þ 12L1xL3L3xk
2 þ 6L1L2

3xk
2

þ 24L1L2L4xxk
2 þ 8L3

2L3xxk
2 � 12L1xL2L4xxk

2 � 96L1xL2L4xk
2

þ 24L2L2xxL4xk
2 � 24L1L2xL4xk

2Þ;

C1 ¼ �
1

56
ð36BrL1ð56K1 þ 3L1ð8L1L1xx þ L1xð�L1xx þ 5L1xÞÞk2ÞÞ;

C2 ¼ �
1

42
ð12Brð105K2L1 þ 56K1L2 þ 3L1ðL1xð�3L1xx þ 7L1xÞL2

þ 12L2
1L2xx þ L1ð�18L2

1x þ 36L1xxL2 � 3L1xL2xx þ 23L1xL2xÞÞk2ÞÞ;

C3 ¼
1

30
ð12Brð60K3L1 þ 3L2

1x þ 35K2L2 þ 108L3
1L1xxk

2 � 2L1xxL1xL2
2k

2

þ 2L2
1xL2

2k
2 þ 3L2

1kð�2G1x þ 20L2L2xx þ 2ð7L2
2x þ 6L1xxL3Þ

� 3L1xð4L2x þ L3xxÞÞkÞ � L1ðL1xkð42G1 þ L2ð54L1x þ 9L2xx

� 31L2xÞkÞ þ L1xxð1� 48L2
2k

2 þ 3L1xL3k
2ÞÞÞ;

C4 ¼
1

20
ð4Brð90K4L1 þ 60K3L2 � L1xxL2 � 3L1L2xx þ 12L1xL2x

� 54G2L1L1xk� 24G1xL1L2k� 42G1L1xL2k� 72G1L1L2xk

þ 324L2
1L1xxL2k

2 � 36L2
1xL2

2k
2 þ 20L1xxL3

2k
2 þ 108L3

1L2xxk
2

þ 84L1L2
2L2xxk

2 � 6L1xL2
2L2xxk

2 � 108L1L1xL2L2xk
2 þ 8L1xL2

2L2xk
2

� 54L1L2
1xL3k

2 þ 72L1L1xxL2L3k
2 � 3L1xxL1xL2L3k

2

þ 72L2
1L2xxL3k

2 � 9L1L1xL2xxL3k
2 þ 36L2

1L2L3xxk
2

� 27L1L1xL2L3xxk
2 � 54L2

1L1xL3xk
2 � 54L1L1xL2k

2

þ 144L2
1L2xL3xk

2 � 108L3
1L4xxk

2 � 27L2
1L1xL4xxk

2

� 270L2
1L1xL4xk

2ÞÞ;

C5 ¼
1

12
ð4Brð36K5L1 þ 30K4L2 � L2L2xx þ 4L2

2x � 3L1L3xx þ 6L1xL3x þ 9G3xL2
1k

� 9G3L1L1xk� 6G2xL1L2k� 18G2L1xL2k� 6G1xL2
2k� 30G2L1L2xk

� 24G1L2L2xk� 9G1xL1L3k� 27G1L1L3xkþ 108L1L1xxL2
2k

2

þ 108L2
1L2L2xxk

2 þ 12L3
2L2xxk

2 þ 72L1L2L2xL3xk
2 � 24L1xL2

2L2xk
2

þ 10L2
2L2

2xk
2 � 18L2

1xL2L3k
2 þ 12L1xxL2

2L3k
2 þ 48L1L2L2xxL3k

2

� 3L1xL2L2xxL3k
2 � 36L1L1xL2xL3k

2 þ 6L1L2
2xL3k

2 þ 24L1L2
2L3xxk

2

� 18L1L1xL3L3xk
2 � 6L1xL2

2L3xxk
2 þ 36L2

1L3L3xxk
2 � 9L1L1xL3L3xxk

2

� 54L1L1xL2L3xk
2 � 18L1xL2

2L3xk
2 þ 63L2

1L2
3xk

2 � 108L2
1L2L4xxk

2

� 27L1L1xL2L4xxk
2 � 234L1L1xL2L4xk

2 � 36L2
1L2xL4xk

2ÞÞ;
C6 ¼
1
6
ð4Brð9K6L1 þ 12K5L2 � L2L3xx þ 4L2xL3x � 3L1L4xx þ 9G4xL2

1k

þ 3G3xL1L2k� 3G3xL1L2k� 2G2xL2
2k� 3G3L1L2xk� 10G2L2L2xk

� 3G2xL1L3k� 3G1xL2L3k� 12G2L1L3xk� 9G1L2L3xk

þ 9G1L1L4xkþ 12L1xxL3
2L3

2k
2 þ 36L1L2

2L2xxk
2 þ 8L2

2L2xxk
2

� 12L1xL2L2xL3k
2 þ 2L2L2

2xL3k
2 þ 4L3

2L3xxk
2 þ 24L1L2L3L3xxk

2

� 3L1xL2L3L3xxk
2 � 12L1xL2

2L3xk
2 þ 8L2

2L2xL3xk
2 � 18L1L1xL3L3xk

2

� 9L1L1xL3L4xxk
2 � 6L1xL2L3L3xk

2 þ 3L1L2xL3L3xk
2 þ 33L1L2L2

3xk
2

� 36L1L2
2L4xxk

2 � 6L1xL2
2L4xxk

2 � 48L1xL2
2L4xk

2 � 42L1L2L2xk
2

� 27L1L1xL3L4xk
2 þ 27L2

1L3xL4xk
2ÞÞ;

C7 ¼
1
2
ð4Brð3K6L2 þ L2L3xkð�4G2 þ ð�6L1xL3 þ L2xL3 þ 9L1L4xÞkÞ

þ L2
3xð1þ 4L2

2k
2Þ � L2ðkð�3G4xL1 þ G3L2x þ G2xL3 � 3G1L4x

� 4L2
2L2xxk� 4L2

2L2xxk� 4L2L3L3xxkþ 10L2L2xL4xkþ 9L1xL3L4xkÞ

þ L4xxð1þ 4L2
2k

2 þ 3L1xL3k
2ÞÞÞÞ;

C8 ¼
1

840
ð 1
ðh2 � h1Þ

ðh1ð70C5h3
1 þ 42C4h4

1 þ 28C3h5
1 þ 20C2h6

1

þ 15C1h7
1 þ 420C7ðh1 � h2Þ � 70C5h3

2 � 42C4h4
2 � 28C3h5

2

� 20C2h6
2 � 15C1h7

2 þ 140C6ðh2
1 � h2

2ÞÞÞ � h2ð420C7

þ h2ð140C6 þ h2ð70C5 þ 42C4h2 þ 28C3h2
2 þ 20C2h3

2

þ 15C1h4
2ÞÞÞÞ;

C9 ¼
1

840ðh1 � h2Þ
ðh1h2ð70C5h3

1 þ 42C4h4
1 þ 28C3h5

1 þ 20C2h6
1

þ 15C1h7
1 þ 420C7ðh1� h2Þ � 70C5h3

2 � 42C4h4
2 � 28C3h5

2

� 20C2h6
2 � 15C1h7

2 þ 140C6ðh2
1 � h2

2ÞÞ;

C10 ¼ C1ScSr; C11 ¼ C2ScSr; C12 ¼
1

20
ðB1xx þ P1xxScSrÞ þ C3ScSr;

C13 ¼
1

12
ðB2xx þ P2xxScSrÞ þ C4ScSr;

C14 ¼
1
6
ðB3xx þ P3xxScSrÞ þ C5ScSr;

C15 ¼
1
2
ðB4xx þ P4xxScSrÞ þ C6ScSr;

C16 ¼ ðB5xx þ P5xxScSrÞ þ C7ScSr;

C17 ¼
1

840
ð 1
ðh2 � h1Þ

ðh1ð70C4
1h3

1 þ 42C13h4
1 þ 28C12h5

1 þ 20C11h6
1

þ 15C10h7
1 þ 420C16ðh1 � h2Þ � 70C14h3

2 � 42C13h4
2

� 28C12h5
2 � 20C11h6

2 � 15C10h7
2 þ 140C15ðh2

1 � h2
2ÞÞÞ

� h2ð420C16 þ h2ð140C15 þ h2ð70C14 þ 42C13h2 þ 28C12h2
2

þ 20C11h3
2 þ 15C10h4

2ÞÞÞÞ;

C18 ¼
1

840ðh1 � h2Þ
ðh1h2ð70C14h3

1 þ 42C13h4
1 þ 28C12h5

1 þ 20C11h6
1

þ 15C10h7
1 þ 420C16ðh1 � h2Þ � 70C14h3

2 � 42C13h4
2

� 28C12h5
2 � 20C11h6

2 � 15C10h7
2 þ 140C15ðh2

1 � h2
2ÞÞ;
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