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Abstract This paper reports on the investigations regard-
ing the possible formation of compact stars in f(R, T') the-
ory of gravity, where R is the Ricci scalar and T is the
trace of the energy—momentum tensor. In this connection,
we use the analytic solution of the Krori and Barua metric
(Krori and Barua in J. Phys. A., Math. Gen. 8:508, 1975)
for a spherically symmetric anisotropic star in the context of
f (R, T) gravity. The masses and radii of compact star mod-
els, namely Model 1, Model 2, and Model 3, are employed
to incorporate the unknown constants in the Krori and Barua
metric. The physical features such as regularity at the cen-
ter, the anisotropy measure, causality, and the well-behaved
condition of the above-mentioned class of compact starts are
analyzed. Moreover, we also discuss the energy conditions,
stability, and surface redshiftin f (R, T) gravity.

Keywords Compact stars - (R, T) gravity

1 Introduction

The late time evolution of stars influenced by a strong grav-
itational pull has been a largely anticipated field in astro-
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physics and gravitational theories. It facilitates investiga-
tions of diverse characteristics of gravitating sources via var-
ious physical phenomena. Baade and Zwicky (1934) pro-
posed the inception of massive compact stellar objects, es-
tablishing the argument that a supernova may result in a
small and super dense star. This eventually came to reality in
1967, when Bell and Hewish (Longair 1994; Ghosh 2007)
discovered pulsars that are highly magnetized and rotating
neutron stars. So, in reality, we come across a fundamental
revolutionary shift from normal stars to compact stars, with
a wide range in the form of stars to neutron stars, quarks,
dark stars, gravastars, and finally black holes.

In our present work, we are more specifically interested
in the study of the compact-star category. Generally the ho-
mogeneity of the spherically symmetric matter configura-
tion is emphasized, while theoretical modeling of a compact
star, satisfying the Tolman—Oppenheimer—Volkoff (TOV)
equation. Ruderman (1972) was first to argue that the nu-
clear matter density becomes anisotropic at the core of a
compact object. Analytic solutions of the field equations
for various static spherically symmetric configurations with
anisotropy compatibility with the interior of compact stellar
modeling have been obtained in numerous works (Maurya
and Gupta 2012, 2013, 2014; Maharaj et al. 2014; Pant et al.
2014a, 2014b). The pressure inside the fluid sphere is split
in two parts, namely the radial and tangential pressure. It
has been investigated that anisotropy gives rise to the repul-
sive force that assists to maintain the compact objects. In this
context, it is established in Kalam et al. (2012) that the Krori
and Barua (henceforth KB) (1975) metric provides an effec-
tive and realistic approach in the modeling of compact stars.

The numerical simulations can be taken into account to
explore the characteristics of compact stars from the in-
tegrated TOV equations, if the equation of state (EoS) is
known. Rahaman et al. (2012a, 2012b) extended the KB
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models by using the Chaplygin gas EoS and discussed their
physical features. Mak and Harko (2004) established stan-
dard models of spherically symmetric compact stars via
exact solution of the field equations. They determined the
physical parameters such as the energy density and the tan-
gential and radial pressure, concluding that these parameters
remain finite and positive inside the stars. The anisotropic
exact models for compact objects with a barotropic EoS are
discussed in Lobo (2006). Hossein et al. (2012) studied the
impact of the cosmological constant on anisotropic compact
stars.

General Relativity (GR), a fundamental theory of grav-
ity, is successful in the weak field limit, but insufficient to
explore strong fields. The expected description of GR in the
strong field regime can be done by its modifications. The
modifications in the Einstein—Hilbert (EH) action are in-
duced to arrive at alternative theories of gravity. Among the
modified theories of gravity, f(R) gravity, being the most
elementary modification of GR, is extensively studied in the
context of the existence and stability of neutron stars and
compact stars (Arapoglu et al. 2011; Alavirad and Weller
2013; Astashenok et al. 2014, 2015; Yazadjiev et al. 2014,
Kausar and Noureen 2014; Noureen et al. 2015). Abbas et
al. (2014, 2015a, 2015b, 2015¢) analyzed a class of com-
pact stars in GR, f(T), where T is the torsion scalar, with a
different equation of state.

The issue of the accelerated expansion of the universe
can be explained by taking into account the modified theo-
ries of gravity such as f(R, T) gravity (Harko et al. 2011).
f(R, T) gravity provides an alternative way to explain the
current cosmic acceleration without the need of introducing
either an extra spatial dimension or an exotic component of
dark energy. Harko et al. (2011) generalized f(R) gravity
by introducing an arbitrary function of the Ricci scalar R
and the trace of the energy—momentum tensor 7. The de-
pendence of T may be introduced by exotic imperfect fluids
or quantum effects (conformal anomaly). As a result of the
coupling between matter and geometry, the motion of test
particles is non-geodesic and an extra acceleration is always
present. In f(R, T) gravity, cosmic acceleration may result
not only due to a geometrical contribution to the total cosmic
energy density, but it also depends on the matter contents.

Soon after the genesis of f(R,T) gravity, its cosmo-
logical and thermodynamic implications, including the en-
ergy conditions and dynamical analysis, were extensively
discussed (Shabani and Farhoudi 2014; Harko and Lobo
2010; Harko and Lobo 2010; Azizi 2013; Sharif and Zubair
2012a, 2012b, 2013; Jamil et al. 2012a, 2012b; Momeni et
al. 2015a, 2015b; Momeni and Myrzakulov 2015; Barrien-
tos and Rubilar 2014). However, the explorations regarding
compact stars in f (R, T) gravity are yet to be done. Herein,
we are interested in the study of the structure of a class of
compact stars, Model 1, Model 2, and Model 3 in f(R,T)
gravity.
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The modified actionin f (R, T) is as follows (Harko et al.
2011):

/dx4\/—_g|:M+£(m)i|, (1.1)

167G
where L, is the matter Lagrangian and g denotes the met-
ric tensor. Different choices of L) can be considered, each
of which leads to a specific form of fluid. In our present
work the viable f(R,T) model we have chosen is of the
following type:

JFR,T)= fi(R) + fo(T), (1.2)

where f1(R) is a function of the Ricci scalar and A is
some positive constant value. We have analyzed the above-
mentioned f(R,T) model with fj(R) =R + aR?%, o be-
ing a positive scalar. In our discussion, we shall consider
the model f(R,T) = fi1(R) + f2(T), which does not imply
the direct non-minimal gravitational coupling between the
scalar curvature R and the trace of the energy—momentum
tensor T in the Lagrangian level. But there may be a cou-
pling between matter and geometry which becomes apparent
in the study of thermodynamics (Sharif and Zubair 2012a).
The f>(T) can be considered as a matter correction term to
f(R) gravity and in this particular study we choose f>(T") =
AT. The main reason behind the difference as regards cos-
mology in ordinary f(R) gravity and in the above f(R, T)
model is the non-trivial coupling between matter and geom-
etry. In our previous work (Sharif and Zubair 2012b), we
have reconstructed some explicit models of this f(R,T)
gravity for an anisotropic universe and explored the phan-
tom era of dark energy.

We have investigated that only for A =1 and o = 2 the
energy density of all the considered models remains positive
and the energy conditions are only valid for these values of A
and «. So, throughout the analysis, we have used the above
values of A and «, and this will not be mentioned again ex-
plicitly.

This paper is arranged as follows: In the following sec-
tion the anisotropic matter distribution and the expressions
of the physical parameters for the energy density p, and the
radial and tangential pressure are established. Section 3 con-
stitutes the analysis of physical features of compact stars and
their stability analysis. In the last section, we summarize our
results.

2 Anisotropic matter distribution in f(R, T)
gravity

The line element for our particular spherically symmetric
metric describing the compact star stellar configuration is

ds* = e"dr? — PO ar? — r?(do? +sin*0dp?), (2.1
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where b = Ar2, a = Br? + C (Krori and Barua 1975), A, B,
and C are arbitrary constants, which will be calculated by
using some physical assumptions. The above set of func-
tions are introduced to arrive at a singularity-free structure
for compact stars. Clearly, this set of functions leads to a
non-singular density and curvature setting.

Taking 87 G = 1 and upon variation of the modified EH
actionin f(R, T) (1.1) with respect to the metric tensor g,
the following modified field equations are formed:

1 — RfRr
Guv = ﬁ[(fT + I)TM(T) - pguva + %guv

+ (VuVy — guvD)fR:|v (2.2)

Af(R.T) __ Of(R,T)
ok ST =57

where fr = , and T,.™ denotes the
usual matter energy—momentum tensor, which is considered
to be anisotropic and is given by

T = (p + p)Vu Vo — Pr&uv + (Pr — Pr) Xu Xos (2.3)

where p, p, and p, denote the energy density and the ra-
dial and transverse stresses, respectively. The four-velocity
is denoted by V,, and y, is a radial four-vector; they satisfy

Vi=eT st V'V, =1,
K= eT8 =1 2.4)
When f(R,T) = fi(R) + AT, the expression for p, p;,
and p; can be extracted from the modified field equations as
follows:
1 2451 [(a" _ab  a" +a/2 ;
P+ |tarn|\F "2 T2 Ty )R
v fi 2 A
" v Jh b _ = ’ o~
‘R+<2 2 ¢ r)f]R}+eb(l+k)
ab b a’ a/2 a 2 ,
X{<4 +7—7—T>flR+<5+;)f1R
N b 2) flR (b/—a’)r b
LA SR ALY AR 1
T T a2 2 et
a’—b/ 1 fl
+< > )f1R+f bH (2.5)
-1 A a ab a’ a/2
br= 2(1+2A)[e”(1+k){(7 T4 +7+T>fm

1" b/ 2 /
_f1R+(E —% b_;>f1R}

(2_‘_3)\) a/b/ + b/ a// a/2 f
eP(1+ 1) r 2 4 )R

a’ flb 2
+(2 )flR e}+eh<1+x>

{ fir ((b/ —a)r
X P F
r2 2

—eb—i-l)

a’—b/ 1 . f] 26
+< 5 >f1R+f1R 5 ¢ ” (2.6)
B -1 A a b a’ a/2
p’_2(1+2x)[eb(1+x){<7_ 4 +7+T)f‘R
" b f 2\
_f1R+<E_?1 b‘;) IR}

A ab b a’ a/2
sl
(7))

fir (B —a)r
eb{rz <—2 —eb+1>

r_p 1
() gl e

Here fig = d—] and a prime denotes the derivative with

respect to the radial coordinate. Substituting Eq. (1.2) in
Egs. (2.5)-(2.7) and inserting the value of the Ricci scalar
in the form of metric functions together with the KB metric
coefficients, we arrive at

1
rA(1 431 +212)

+2a(—1-3Br?

[eiZAr2 {ezAr2 (r2 +2a(\ — 1))
— B%* + Ar2(2 + Brz))

x (1 —1—=3Br?(1+3%) + B*r*(3+71)

1) +r2(1 +24Ba)) + 8Aa(l + 1)

(A(2+ (4 +8Ba)r)
(2.8)

— e (da(n —
+ Br®(Ar + B2 +4n0))) —r*

+ B(3A +4Ba(2+3M))}].
m [ 72424 02 + 20 (0 — 1)

+ e (4 — 1) + ABrA + 12 (14 8Ba (. — 1)
—8Aa)) + Brt(2+ A — 4aA(2A — B)))
—2a(1+3Br° + B — Ar*(2+ Br?))

X (=14 B2 = 1) = Ar* (201 +2)

+Bri(1+30))}].
1
r4(1+ 31 +222)

— Ar2(2 + Brz))(—?)

(2.9)
[e_ZArz{Zoc(l +3Br* + B%*
— B*r* =20+ Bri(Ar? - 1)

x (1420) + 7 (22 + 1) — 203 +21))

@ Springer



8 Page4of 10

M. Zubair et al.

Table 1 Approximate values of the model parameters for the compact stars considered

Models M R (km) u="4 A (km™2) B (km™2) Zs
Model 1 0.88M¢ 7.7 0.168 0.006906276428 0.004267364618 0.23
Model 2 1.435M¢ 7.07 0.299 0.01823156974 0.01488011569 0.57
Model 3 2.25Mg 10.0 0.332 0.01090644119 0.009880952381 0.073

+ e (43 +21) + Bro(A — B+ A))
—r2 (24 2+ 4Aa(3 +24) — 4Ba(5 +41))
+r*(B@ABa —1)2+ 1)

+ A(1—=8Ba(l+1)))}]. (2.10)

The Schwarzschild solution is considered to be most
suitable choice for matching the conditions in the exterior
regime (Noureen and Zubair 2015, 2014; Goswami et al.
2014; Cooney et al. 2010; Ganguly et al. 2014). The inte-
rior metric of the boundary surface will be the same for the
internal or external geometry of the star. Here, the exterior
metric of the star is described by the Schwarzschild solution,
given by

oM oM\ !
ds* = <1 — —)dt2 — (1 - —) dr?
r r

—r%(d6* + sin® 0dg?). (2.11)

Smooth matching of the interior metric (2.1) to the vacuum
exterior solution at the boundary surface, » = R, yields

98 _ 08
or or’

— + —
8t = 8> & =28 (2.12)
where the superscripts — and + stand for the interior and ex-
terior solutions. Matching of the interior and exterior space-

times leads to the following:

1 2M
g M (2N (2.14)
T R3 R ’ ’
2M\ M oM\ 7!
C=nf1-22) -2 (1=-22) . (2.15)
R R R

The values of the constants A and B are evaluated by using
approximate values of M and R (Lattimer and Steiner 2014;
Li et al. 1999) of the considered compact stars, provided
in Table 1. The compactness of a star can be defined by
U= @, and the surface redshift Z; can be determined
by using the result Z; = (1 — 2u)~1/2 —_ 1. The values of Z;
for the considered models are given in Table 1.

@ Springer

3 Physical analysis

This section covers the physical constraints required for
the interior solution, incorporating the anisotropic behavior,
matching, and energy conditions together with the stability
analysis of the considered compact stars.

3.1 Anisotropic behavior

Prior to the discussion of anisotropy measure, we discuss the
evolution of the energy density o and the anisotropic stresses
pr and p;, respectively, shown in Figs. 1-3.

The radial derivative of Eq. (2.5) leads to the following
expression:
d 0 —de —2Ar?
dr — (1 + 0 +2n)

(ezAr2 (r2 +2a(—1+ A))

+2(=1-3Br* — BXr* + Ar*(2 + Br?)))

x o(1—A—3Br*(1+3x)

+ AP (=24 Br¥) (1 +3%)

+ B3 +T0) — e (da(—1+2)
+r3(1424Bak + 8Aa(1 + 1))

+ Bro(Ax+ B2 +43) —r*(A(2+ (4 + 8Ba)1)

4Ae2A
B +20)

+ B(3A+4Ba(2+31)))))

x (47 (12 + 2a(=1+ 1)) +2(—1 — 3Br> — B>*
+ Ar*(2+ Br?))e(1 — A — 3Br*(1 +31)
+ Ar?(=2+ Br¥)(1+3x) + B*r* (3 +71))
— e (da(=1+ 1) +r2(1 + 24Bad
+8Aa(l + 1)) + Bré(Ar + B2 +40))
—r*(A(2+ (4 + 8Ba)2)

o—2Ar?

+B(3h+4B22+30)))) ~ AT

X (2e2A’2r + 4Ae2Ar2r(r2 +20(—1+1))
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+2(=1-3Br* — B¥r* + Ar*(2 + Br?))

x a(—6Br(1+34) +2ABr> (1 +32)

+24r (=24 Br?)(1434) + 3 + 70)4B%r)
+2(—6Br +2ABr* —4B%r% +2Ar (2 + Br?))

x A(1 =1 —3Br*(1+3%) + Ar*(—=2 + Br?)

x (1432) + B4 (3 +71)) — e (2r (1 4 24Bak
+ (1 +A)8AA) + 6Br>(Ax + B2 +41))
—4r3(A(2+ 4+ 8Ba)r)

+ B(3A+ (2+30)4Ba))) — 246" r(da(—1+ 1)
+r2(1 +24Bai + 8Aa(l + 1))

+ Bro(Ar+ B2 +40) — r* (A2 + (4 + 8Ba))
+ B(3A +4Ba(2+31))))) <0, 3.1)

and also Eq. (2.6) reveals that % < 0, depicting the de-
crease in energy density and radial pressure with increasing
radius of the compact object, as is well supported by the
results shown in Figs. 4 and 5. Maximality of the central
density and pressure is achievable at r = 0, indicating

dp dpy

— =0, =0,
dr dr

d*p d*p,

— <0, 0.
a2 dr?

Using the EoS p, = w,p and p; = w;p, we obtain the
following form of the EoS parameters:

o = (=24 (12 + 20(=1 4+ 1)) + e (da(—1 4 1)
+ ABrox +r*(1 + 8Ba(—1+ 1) — 8Aalr)

+ Br*(2 + 1 — 8Aak +4Ba))
— Za(l +3Br’+ B** — Ar2(2 + Brz))
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wr =

X (=14 Bri(=14+ ) +a+ B>r*(1+ 1)

— Ar?(2(1 4 1) + Bri(1431)))))
/(@47 (P 4 2a(=1+2)) +2(=1 = 3Br% — B>
+ Ar*(2+ Br?))a(=3Br* (1 +30) +1—1
+ Ar*(=2+ Br?)(1+30) + Br* (3 +171))
— e (da(=1 4 1) + r2(1 + 24Bar
+8Aa(l + 1)) + Bré(Axr+ B2 +41))
—r*(A((4+8Ba)r +2)

+ B(3A +4Ba(2+31))))), (3.2)
(—2a(=1-3Br* — B*r* + Ar*(2 + Br?))

x (=3 = B*r* =20+ Bri(—1+ Ar?)(1+21))

+ 7 (P22 + 2) — 203+ 21))

+ e (4 (3+21) + BrS(A— B+ AN)

—r?(24 1 +4Ax(3+2)) — 4Ba(5 +41))
+r*(B(=1+4Ba)(2+1) + A(1 — 8Ba(l +1)))))
(@47 (P + 2a(=1+2)) + 2a(—1 — 3Br> — B+
+Ar*(2+ Br?))(1 =2 —3Br*(1 +31)

+ Ar?(=2+ Br?)(1 4 30) + B>r* 3 +70)
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— e (da(—1+A) +r2(1 +24Bad
+8Aa(l + 1)) + Br®(Ax+ B2 +41))
—r*(A(2+ (4 +8Ba)Ar)

+ B(3A +4Ba(2 +31))))). (3.3)

It is interesting to mention here that the EoS parame-
ters depend on the radius, rather than being a constant
quantity as in an ordinary matter distribution. This non-
constant behavior of the EoS parameters is constituted by
the usual matter and exotic matter contributions (see Figs. 6
and 7).

The measure of anisotropy, A = (p’;—rp’), for the consid-
ered f(R, T) model takes the following form:

26—2Ar2

A= ———————
r3(1 431 +2)2)

[{20(1 +3Br* + B*r*

— Ar*(2+ Br?)) (=3 - B*r* - 2x

+ B2 (A2 = 1)(1420) + 4 (P22 + 1)
—2a(3+21) + M (4ar(3 +20)

+ Bro(A — B+ AL —r?(2+ A+ 4Aa(3 +21)
—4Ba(5 +41)) +r*(B(4Ba — 1)(2+ 1)

+A(1=8Ba(1+ 1))} = {4 (2 + 2000 — 1)
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as shown in Fig. 8. It can be seen from Fig. 8 that A > 0
at most of the points for compact stars of Model 1 and
Model 3, indicating that a repulsive anisotropic force occurs,
allowing the construction of more massive distributions. In
our model, the anisotropy measure for Model 2 decreases

Fig. 9 Energy conditions for Model 1

with the increase in radius and becomes negative beyond
r=2.8 km.
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3.2 Energy conditions

Energy bounds are of significance; corresponding to the null
energy condition (NEC), the weak energy condition (WEC),
the strong energy condition (SEC), and the dominant energy
condition (DEC), defined as

NEC: p+p, >0, p+p =0,
WEC: 0>0, p+p =0, p+p =0,

SEC: p+pr20, p+p =20, p+pr+2p =0,
DEC: p>|prl, p>Ip:l.

The considered anisotropic sphere satisfies the energy con-
ditions, exhibited graphically in Fig. 9 for a compact star of
Model 1.

3.3 Causality conditions and stability analysis

The radial and transverse sound speeds, denoted by v, and
vss, should be less than the speed of light, i.e., 0 < vfr <1,
0 <v?, <1, where v2, = ”;’:}’ and vy, = [il—};’. We plot the evo-
lution of the radial and transverse sound speeds for compact
stars and find that the above-mentioned conditions hold, as
shown in Figs. 10 and 11.

One might proceed with the stability analysis of com-
pact objects considering sound speeds (Herrera 1992; Her-
rera and Barreto 2013; Herrera and Santos 1997; Herrera
et al. 2008). The potentially stable and unstable regimes
can be estimated by considering the difference of the sound
propagation within the matter distribution. The variation of

@ Springer

v2, —v2, of different strange stars is shown in Fig. 12. Fig-

ure 12 shows that the difference of the two sound speeds,
i.e., v2, — v2,, retains a similar sign within the specific con-
figuration and it satisfies the inequality 0 < [v2, — v | < 1.

Thus, our proposed compact stars models are stable.

4 Conclusion

A modified theory of gravity can provide an explanation of
the accelerated expansion of universe. Modified gravity the-
ories (such as f(R, T) gravity) have been at the center of
attention for many researchers in the recent past, because
this type of theories seems to provide a viable explanation
for dark energy. The conformal relation of f(R, T) to gen-
eral theory of relativity with a self-interacting scalar field
has been examined (Astashenok et al. 2014).

This paper deals with the interior solutions for anisotropic
fluids, which have been used to model compact stars in the
context of a modified gravity theory f (R, T'). The modeling
has been completed by taking compact stars as anisotropic in
f (R, T) gravity. For the exact solution of the governing dif-
ferential equations, we have used the Krori and Barua (1975)
form of the metric function, i.e., b= Ar%, a = Br> + C, A,
B, and C are arbitrary constants, which have been calculated
by using some matching conditions. The smooth matching
of interior and exterior regions of a star lead us to express
the unknown constants in terms of masses and radii of the
compact stars. Using the observed values of the masses and
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Fig. 12 Plot of vf, — v?r for anisotropic compact stars

radii of the compact stars, we get the values of the model
constants that are used to discuss the nature of the stars. For
the calculated values of the constant, we found that the en-
ergy density and the radial and transverse pressure decrease
for the given class of compact strange stars. For the particu-
lar choice f(R, T'), we have found that the EoS parameters
behave like a normal matter distribution. On the basis of
this fact, we may conclude that compact stars are composed
of ordinary matter and the effect of the f(R, T) term. The
regularity analysis of the proposed model implies that the
density and pressure are regular everywhere and attain the
maximum value at the center. Thus the radial pressure p,
and the matter density p have maximum values at the center,
decreasing from the center to the surface of the star, where
the density becomes constant and the pressure reduces to
Zero.

It has been found that the anisotropy will be directed out-
ward when p; > p,; this implies that A > 0. We have found
that A > 0 for compact stars of Model 1 and Model 3, in-
dicating that a repulsive anisotropic force occurs, allowing
the construction of more massive distributions. However, the
anisotropy measure for Model 2 decreases with the increase
in radius and becomes negative beyond » = 2.8 km. The po-
tentially stable and unstable regimes have been estimated by
considering the difference of the sound propagation within
the matter distribution. The compact stars remain potentially
stable in the regions where the difference of radial and sound
speeds remains positive. It is found that 0 < [vZ —v2| < 1
for all three considered compact stars. So, our considered
model is potentially stable in f (R, T) gravity, as shown in
Fig. 12.

We would like to mention that TOV equations for modi-
fied theories of gravity like f(G) (Momeni and Myrzakulov
2015), non-local f(R) gravity (Momeni and Myrzakulov
2015) and f(R,T) (Moraes et al. 2015) have been studied
analytically and numerically.
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