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Abstract: A numerical method is developed for solving parabolic partial differential equations with integral
boundary conditions. The method is moderately sixth-order accurate due to merging of sixth order finite difference
scheme and fifth order Pade’s approximation. Simpson’s 1/3 rule is used to approximate integral conditions. The
method does not involve the use of complex arithmetic and optimizes the results. It is observed that this numerical
method can be easily coded on serial as well as parallel computers.
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INTRODUCTION

The need of both the scientific and the business
communities’ for ever growing computing supremacy
led to vivid up grading in computer structural design.
Most of the attempts concentrated on attaining high
performance on a single processor, but recently it has
been observed that attempts are being made to wrap
multiple processors. Multiprocessor systems consist of
a number of connected processors each of which is
capable of performing compound tasks autonomously.
In a sequential algorithm all tasks are carried out by a
single processor but in a parallel algorithm autonomous
components of the program are performed by varied
processors simultaneously which save a lot of time.

In many developing countries, scientists and
engineers are facing problems, when high computations
and/or large memory storage is required. This is due to
the lack of advance computing resources. In order to
resolve such problems, the numerical method is
proposed. Partial differential equations arise in many
real life problems like thermo elasticity (Day, 1982),
dynamics of ground water (Nakhushev, 1982) and
pseudo-parabolic water transfer (Vodakhova, 1982). In
the family of partial differential equations, one of the
most important classes is parabolic partial differential
equations with nonlocal boundary conditions. This class
was studied by different authors (Wang and Liu, 1989;
1990; Muravei and Philinovskii, 1982; Liu, 1999; Aug,
2002; Deghan, 2003, 2005; Rehman and Taj, 2009) in
different ways to solve such model problems
numerically. This study aims at exploring one
dimensional non-homogeneous heat equation with
integral boundary conditions. The idea of mixed order
numerical method presented here was firstly introduced

by Rehman et al. (2012) and now it is proposed to be
the best candidate for numerical solution of nonlocal
problems.

Actual concept behind the use of finite-difference
methods for obtaining the approximate solution of a
given PDE is to approximate the derivatives appearing
in the equation by a set of values of the function at a
selected number of points.

Consider one dimensional heat equation:

ou 9%u

g_m+Q(x,t),O<x<X,t>0 Q)

Subject to the given initial condition:
u(x,0)=F(x),0<x<1 (2)

and the non-local boundary conditions:

u(0,t) = fol o(x, ulx, t)dx + G (t),
T>t>0 @)

u(l,t) = fol 7(x, Hulx, t)dx + G, (t),
T>t>0 4

where, F,Gy,G,, 7,0 and Q are known functions and
are assumed to be sufficiently smooth to produce a
smooth solution of u. T is given positive constant.

DISCRETIZATION AND HANDLING OF
NONLOCAL CONDITIONS

Selecting a positive odd integer N =9 and
dividing the interval [0, 1] into N + 1 subintervals each
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of width h, so that (N + 1) h = X and the time variable
t into time steps each of length [ gives a rectangular
mesh of points with co-ordinates (x,,,t,) =
(mh,n) (Im=0,1,2,.. ,N,N+1) and (n=
0,1,2,...) covering theregion R = [0 < x < X] X [t >
0] and its boundary OR consisting of the lines x =
0,x=1andt=0.

Let u (x,t) is minimum nine times continuously
differentiable with respect to space variable x and
further these derivatives are uniformly bounded, the
space derivative in (1) may be approximated to the
sixth-order accuracy at some general point (x,t) of the
mesh by the expression:

2
2200 = L {2u(x — 3h,t) — 27u(x — 2h,t) +

270u(x — h,t) — 490u(x,t) + 270u(x + h,t)
h6 88u(x,t)

—27u(x + 2h,t) + 2 u(x + 3h,t)} — oo a0 T

0(h”) ®)

However, Eq. (5) is valid only for (x,t) = (x,, t,)
withm = 3,4,..,N—2and =0,1,2,3,.... To get the
accuracy at the same points at (xq,t,), (x3,t,),
(x,_1,t,) and (x,,t,)special formulas must be
developed which approximate d%u (x,t)/dx? not only
to sixth-order but also with dominant error term
- (h®/560)(0%u(x,t)/0x®). It can be clearly shown
that the desired approximations to d2u(x, t)/dx?are:

2
: :;)E;('t) 180 h2 {1171]()( - h t) + ZU(X t) -
738u(x +h,t) +1359u(x + 2h,t) —

1300 u(x + 3h,t) + 828 u(x + 4h,t) —
342 u(x + 5h,t)

h® 98u(x,t)
+83 u(x + 6h,t) —9u(x + 7h,t)} — T
2%u(xt) _
:;x;( T80 hz{ 9u(x — 2h,t) + 198u(x —
h,t—322

u(x,t) + 18u(x + h,t) + 225u(x + 2h,t) —
166u(x + 3h,t) + 72u(x + 4h,t) — 18u(x +

Wh(x + 6h, )} — "Ta LC8 4 0(h7) )

Bzu(x,t)
7 = To h2 {—9u(x + 2h,t) + 198u(x +
h,t—322 ux,t+18 ux—h,t+225ux—2h,t-166

u(x —3h,t) + 72 u(x — 4h,t) — 18 u(x — 5h, t)

+2u(x — 6h,t)} — he 9 u(x £)

’ + 0(h") ®)

2
: gg t) 180 hZ {11711()( + h t) + 2 u(x t)

738 u(x — h,t) + 1359u(x — 2h,t) —
1300 u(x — 3h,t) + 828 u(x — 4h,t) —
342 u(x — 5h,t)

6 58
+83u(x — 6h,t) — 9u(x — 7h,t)} — Shﬁa ;‘,E’é't) +

0(h7) ©)

at the mesh points (xq,t,), (x,_2,t,), (x,_1,t,) and
(x,, t,) respectively (Rehman et al., 2012). Appling (1)
with (5)-(9) to the mesh points of the grid at time level
t =t, produces asystem of ordinary differential
equations of N equations and N + 2 unknowns
Uy, Uy, Uy, ..., Uy,q. The integral term in (3) and (4) are
approximated by using Simpson’s 1/3 rule as:

N+1
h - ,
u(0,t) = 5{ @0,)u(0,t) +4 %2, o(2i -
14, ti2 =14, ¢

+2 Zg_l p(Dh t)u(Dh,t) +

o((N + Dht)u((N + Dh,t) } + G1(t) (10)

N

N+
u(l,t) = g{ (0, 0)u(0,t) +4 X2, v((2i -
14 tu2i-14 ¢

12 5.2 (@O u(@Ohe) +7((V +
L, tulV14, 63+ G2(D) (11)

Solving Eg. (10) and (11) for U, and Uy, and
substituting these values in the above system of N
linear ordinary differential equations which can be
written in vector matrix form as:

du (t)
dt

=AU() +v(),t >0 (12)
With initial distribution:
U@©) =F (13)
In which U(t) = [U;(t), Uy(t), ..., Uy(®D]T, F =

[F(x1), F(x3),...,F(xy)]", T denotes transpose and
matrix A of order n X n is given by:

A= _
1804°
A %) 43 Ay s ANl Ay
T 72 73 T4 75 Ty-1 Ty
81 52 &3 54 &5 Sv-1 8N
2 -27 270  -4%0 270  -27 2
2 -27 270 -490 270 =27 2
2 -27 270 -4%0 270  -27 2
f(l f(z I(3 1(4 1(5 K.\f—l f(_\;
Ky K2 K3 Ky Hs Ey-1 My
& & &3 &y s -1 dy |
where,
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)\.1 =117 m1 + 2, }\.2 =117 m2 - 738,)\.3 =
117 ms + 1359, A, = 117 m, — 1300,
hs = 117 ms + 828, e = 117 m, — 342,

A7 =117 m; + 83, Ag =117 mg —9 and
A = 117mfori=9

N, =-9m; +198, A, =-9m;—322, n,=
—9m3z +18, n, = -9my + 225, n, =—-9m; —
166,

Ng=—9mg—18,n, =—-9m; —18,n, =
—9mg+2andn, = -9m;fori=9

g =2my —27, & =2m, + 270, &3 =2m3 —
490, ¢4, = 2my + 270, &5 = 2 m5 — 27,

g =2mg+2andg = 2m;fori=7

KN—5 = 2 nNy_s + 2, KN—g4 = 2 nNN_4 — 27,

KN—3 = 2 nN_3 + 270, Kn—2 = 2 nN_p — 490,
Kn-1 = 2 nN_q1 — 270

Ky =2ny —27andk; = 2n;forl <i<N-—-6

By_; = —9ny_7 +2, Hy_¢ = —9ny_g — 18,
My_s = =9 Ny s +72, 1y, = =9 ny_4 — 166,
By_3 = —9ny_3 +225, p_,=-9ny_,+18,
My_, = =9y g — 322, py = —9 ny — 270
and p, = —9n;forl <i<N -8

&y, =1171ny_; =9,
Ey_s = 117 ny_s — 342,
828,

Ey_y=117ny 53 —1300, & _,=117ny,+
1359,&,_, = 117 ny_; — 738, &, = 117 ny + 2
and§ = 117n;forl <i<N —8

E—’N—6 =117 nN_6 + 83,
&y, =117 ny_4 +

in which:
h
4§(C4<Pi —CTy) .
,fori =1,2,3,
C1Cy — CC3
m; = o, N
h
2§(C4<Pi = C2T;) )
,fori=23,..,N—1
C1C4 — C2C3
and
h
(4’§(C390i —at) ]
——  fori=1,2,3,..,N
CyC3 — C1Cy
ni = h
23 (c30; — €17y) .
,fori=1273,..,N—1
CyC3 — C1Cy
h h
Here L = 1——(P0, C2_—§¢N+1, C3=_§T01

c,=1- %‘L’N+1 also ¢; = @(ih, t) and t; = t(ih,t).
The column vector v(t) contains the contribution

of the functions Q, G; and G, and is given as:

834

_ 1174 -9 20
v(t) = [180 w2t Ql’ 180 h2 +0Q2 180 w2t
a2
Q3r Q4'1'1'7 lQN -3 Tan h2 180 hz QN 20700 n2 180 h2
21
QN 1 180 hz QN] (14)
where,

c1G2(t)—c3G1(8)

[, =% G1(6)—c2G2 (1)
1 C1C4—C2C3

€1€4—C2C3

and [, =

The solution of the system (12) subject to (13) is
given by:

ut) =
exp(l4) f + fot exp((t — s)A)v(s) ds; t =0 (15)
which satisfies the recurrence relation:
t+l

Ut +1) =exp(lA) U() + |,
sAvsds, t=0,,2/

exp((t +1-
(16)

To approximate the matrix exponential function in
(16), fifth-order Pade’s approximation, for a real scalar
0, given by:

BsO) = e D
where,

as = Y- (- 1" (5‘1’;)! (18)
and

by =YK, (-1 = =0,1,2,3,4 (19)

(=)’

For stability of method, a; (i = 1,2,3,4) should
satisfy the following conditions:

1
a1>5

a, 1
a2>i—§

a a 1
R TR TR

as a; aq 1
R TR TR TR

The integral term in (16) is approximated as:

t+

t lexp((t +1- s)A)v(s) ds =Wyv(sp) +
Wov(sz) + Wav(s3) + Wyv(s,) + Wsv (s5)  (20)
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where, s; # 5, # 53 # 54 #ssand W;(i =1,2,3,4,5)
are matrices. We have:

t+

L _ k— —
S, exp((t +1—s)A)sk1ds =35_; s 7'W =
M =1,2,3, 4,5 1)
with
M, = A7t Texp(lA) — (t + D* 11 +
I M1, #=1,2,3, 4,5 22)
Taking s; =t,s; =t+7, S;=t+o+, 5=

t +% ,S5 =t + 1. Using 8 = [A in (17) and taking
exp(lA) = PR, we have (11):

P = (I - allA + a2l2A2 - a3l3A3 + a4l4A4 -
agl5 451 (23)

And

R=1+ b]_lA + bzlez + a3l3A3 + a4l4A4 (24)

Wy = {281 + (668 — 3100, + 11520a; —

30720a; + 46080a,)I4 +

(=21 + 100a, — 260a, + 1920a,)124% +

(18 — 75a; + 240a, — 540a; + 720a,)I3A3}P
(25)

%{81 + (—154 + 760a, — 2880a, +
7680a;)lA +

(1 + 10a, — 100a, + 480a; — 1200a,)I24% +
( -1+ 5a1 - 20(12 + 60613 - 120a4)l3A3}P (26)

W; = {41 + (322 — 1540a; + 570a, —
15360a; + 23040a,)IA +

(23 — 130a, + 580a, — 1920a; +
384024242+

(3 - 15(11 + 60612 - 180a3 +
360a,)I343}P @7)
Wy = 1 {81 + (—158 + 760a; — 2880a; +
7680a; — 11520a,)IlA +

(-21 + 110a, — 460a, + 1440a; —
264024242 +

(=3 +15a; — 60a, + 180a3 —
360a,)343}P (28)

Wy = %{281 + (640 — 3100a, + 11520a, —

30720a; + 46080a,)lA +
(125 — 640a, + 2620a, — 7680a; +
13440a,)I?A? +

835

(25 - 125a1 + 500a2 - 1500a3 +

264044343+

(3 —15a, + 60a, — 180az +

360a,)l*A*}P (29)
ALGORITHM

Assuming that 7,7, 73,1,75 (r; # 0) are real
distinct zeros of R(8), the denominator of E5(8), then:

P =TI,( - A) (30)
l —
exp(l4) = p; Zj, (I — A" (31)
where,
=——— {14+ b +byr? + b1 +b
pj = ILS a N { 17” 27” 37” 47”}
i#) L
ji=1,234,5
And
Djas =— x {28 + (668 — 3100a; +
[7=1(1 —)

i#j Ti
1152022-30720423+46080 2477+
(=21 +100a; — 260a, + 1920a,)r” +

(18 — 75a; + 240a, — 540a3 + 720a,)r;°}

Pj+10 = x {8 + (=154 + 760a; —

M, (1— r}
l¢]

2880422+768023-1152024 77+
(1+ 10a; — 100a, + 480a; — 1200a,)r? +
(-=1+ 5a; — 20a, + 60a; — 120a,)7°}

pji1s = ;) x {4 + (322 — 1540qa, +

I
i#j

57022—-15360423+23040 2477+

(23 — 1304, + 580a, — 1920a3 + 3840a,)r* +

(3 —15a; + 60a, — 180a; + 360a,)r’}

Ti

P20 = x {8 + (—158 + 760a, —

H
2880[22+7680523—11520524r/'+

(—21+ 110a, — 460a, + 1440a; —
264044772

+(=3 4+ 15a; — 60a, + 180a; — 360a,)1°}
Dji25 = x {28 + (640 — 3100a, +

H? 1(1- l)
i#j

11520a, — 30720a; + 46080a,)r;
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+(125 — 640a, + 2620a, — 7680a; +
1344024772

+(25 — 125a; + 500a; — 1500a3 + 2640a,)r’
+(3 — 15a; + 60a, — 180az + 360a,)7*}

Hence Eq. (16) becomes:

_ !

UCE+D =T A7 [pU(© + 5
! !

Pi+sv(t) + 16p; 110V (t + Z) +12p; 415V (t + 5)

31
+16p;t20v (t + T) + Piazsv(t + 1)

where,

!
Ai=1-—4,0=12345

L

Hence,

UCt+1) =3,y

where, y;,i=1,2,3,4,5are the solutions of the
systems:

l
Ay, =pU®) + 360

l l
DiysV(t) + 16p; 410V (t + Z) +12p; 415V (t + E)

31
+16p;120v (t + T) + Pigpasv(t + 1)

NUMERICAL EXAMPLES

Numerical method described in this study will be
applied to four problems from the literature and results
obtained will be compared with exact solutions as well
as with the results existing in the literature. We select
values of a;(i = 1,2,3,4) such that stability conditions
are satisfied (Rehman et al., 2012).

Example 1: Consider the problem (1)-(4) with:

Table 1: Comparison of relative error fort = 1

Flx)=x%0<x<1,
e, t) =x,0<x<1,
(x,t) =x,0<x <1,

-1
G t) = — ,0<t 1;
1©) 4(t +1)2 <
3
=— 1
G,(t) 4(t+1)2'0<t<'
( t)—_z(x2+t+1)0< <1,0<t<1
Qxt) = t+n3 oS =

which has the theoretical solution u(x,t) = (:7)

For the comparison purpose the problem is solved
for h = 0.05,0.025,0.01,0.005,0.0025. The relative
errors obtained by new scheme are given in Table 1 and
are compared with Crandall method, FTCS scheme,
Dufort-Frankel scheme (Deghan, 2003) and fourth
order scheme (Rehman and Taj, 2009).

Example 2: Consider the problem (1)-(4) with:

F(x) =exp(—x),0<x <1,

e, t) =ax,0<x <1,

T(x,t) = bxcos(x),0 <x <1,
G(t)=00<t<1,
G,(t)=0,0<t<1,

Q(x,t) = —exp[—exp(x + sint)] (1 +
cost),0<x<1,0<t<1

2
sin (1)—cos (1)+exp (1)
theoretical  solution

where, a = é and b =

which has the
expif—(x + sint))

For the comparison purpose the problem is solved
for h = 0.05,0.025,0.01,0.005,0.0025. The relative
errors obtained by new scheme are given in Table 2 and
are compared with Crandall method, FTCS scheme,
Dufort-Frankel scheme (Deghan, 2003) and fourth
order scheme (Rehman and Taj, 2009).

u(x,t) =

Example 3: Consider the problem (1)-(4) with:

Spatial length Crandall FTCS Dufort-frankel Fourth order method New scheme
h = 0.0500 3.8x107% 7.5 x 10792 7.8 x 10792 2.6 x 1070 2.7 x 1079
h = 0.0250 2.1x107% 1.9 x 10792 1.9 x 1072 21x107%7 1.1 x 1079
h =0.0100 1.2 x107% 4.0x 1079 3.9x107% 6.1 x107% 7.1x 10712
h = 0.0050 7.1x107% 1.0 x 10793 1.0 x 1079 3.5x 10710 44 %101
h = 0.0025 43 x107% 2.5 x 107% 2.4 x 107% 8.0 x 1071 2.4 x 1071
Table 2: Comparison of relative error for t = 0.1

Spatial length Crandall FTCS Dufort-frankel Fourth order method New scheme
h = 0.0500 39x107% 6.4 x 10792 6.8 x 10792 3.0x 1077 5.6 x 1079
h = 0.0250 2.4 x107% 1.6 x 10792 1.7 x 10792 1.9 x 107%8 3.7 x 1079
h = 0.0100 1.5 x 1075 41 %1079 41 %1079 5.0 x 10710 9.6 x 10711
h = 0.0050 1.0 x 1070 1.0 x 1079 1.0 x 10793 7.9 x 10712 5.2 x 10712
h = 0.0025 6.4 x107% 2.5x107% 2.6 x 1070 7.0x 10711 3.3x 10712
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Table 3: Comparison of absolute error for h = 1 = 0.01

t Exact u Crank-nicolson The implicit Fourth order method New scheme
0.1 1.2796 5.2 x 107% 43 x107% 4.8 x 1070 2.0x 10712
0.2 1.1578 6.2x107% 6.0 x 107% 4.7 x 1070 2.4x10712
0.3 1.0476 6.5 x 107% 6.4 x 1079 3.9 x 1070 2.5x 10712
0.4 0.9479 6.4 x107% 6.3x107% 4.8 x 1070 2.4x10712
0.5 0.8577 6.2 x107% 5.9 x 107% 5.3 x 1070 2.2x10712
0.6 0.7761 5.6 X 1079 48 x107% 3.7 x 107% 2.0x 10712
0.7 0.7022 5.0 x 107% 49 % 107% 2.3 x107% 1.8 x 10712
0.8 0.6354 1.6 x 1079 1.5 x 1079 1.6 x 1070 1.6 x 10712
0.9 0.5749 41x107% 3.3%x107% 1.1 x 107 1.5 x 10712
1.0 0.5202 5.0 x 107% 47 x 1079 1.0 x 107% 1.3 x 10712

Table 4: Comparison of absolute error for h = 1 = 0.01

t Fourth order method New scheme
0.1 1.09 x 10712 5.34 x 10714
0.2 1.35x 10712 6.58 x 10714
0.3 1.35x 10712 6.71x 10714
0.4 1.28 x 10712 6.16 x 10714
0.5 1.18 x 10712 5.72 x 10714
0.6 1.07 x 10712 5.25 x 10714
0.7 9.71x 10713 485 x 10714
0.8 8.80 x 10713 441 %107
0.9 7.69 x 10713 3.88 x 10714
1.0 7.20%x 1071 3.59 x 10~

F(x) = sin(mx) + cos(mx),0 < x < 1,
@(x,t) =2sin(nx), 0 < x < 1,

T(x,t) = =2 cos(mx),0 < x < 1,
Gi(t)=00<t<1,

G,(£) =0,0<t<1,

Q(x,t) = (m? — 1) exp(—t) {sin(nx) +
cosnx, 0<a< 1, 0<e<1

which has the theoretical solution:
u(x, t) = exp(—t) {sin(nx) + cos(mx)}

For the comparison purpose, in this problem is
solved for h = [ = 0.01 for different values of t. The
errors obtained by new scheme are given in Table 3 and
compared with fourth order scheme (Rehman and Taj,
2009).

Example 4: Consider the problem (1)-(4) with:
F(x) =X(X—1)+m,0 <x<l1,

p(,t) =-D,0<x <1,

T(x,t) =—-D,0<x <1,
Gi(t)=00<t<1,

G,(t)=00<t<1,

Q(x,t) = [x(x— 1)+ 6(1]1D)] exp(—t) ,D =
00144 0<x<1,0<t<1

which has the theoretical solution:
u(x,t) = [x(x — 1)+ D/(6(1 + D))]exp(—t)

For the comparison purpose the problem is solved
for h =1 = 0.01. The errors obtained by new scheme

are given in Table 4 and compared with fourth order
scheme (Rehman and Taj, 2009).

CONCLUSION

It is observed that the result obtained using hybrid
scheme are highly precise in space and time. This
technique can be coded easily on serial and parallel
computers. The method involve only real domain and
multiprocessor design, especially in nonlocal problems
save significant computational time rather than the
complex arithmetic based methods. This method is very
flexible, user friendly and can be extended for
multidimensional partial differential equations.
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