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The proposal of galactic halo region is based on the idea that dark halos contain some characteristics needed to support traversable
wormhole solutions. We explore wormbhole solutions in this region in the framework of generalized teleparallel gravity. We consider
static spherically symmetric wormhole spacetime with flat galactic rotational curves and obtain expressions of matter components
for nondiagonal tetrad. The effective energy-momentum tensor leads to the violation of energy conditions which may impose
condition on the normal matter to satisfy these conditions. We take two well-known f(T') models in exponential and logarithmic
forms to discuss wormhole solutions as well as the equilibrium condition. It is concluded that wormhole solutions violating weak

energy condition are obtained for both models with stable configuration.

1. Introduction

It is a well-known fact that dark matter (DM) constituents
in the universe exist in baryonic and nonbaryonic forms.
Astronomers can easily detect some types of DM through the
emission of photons in all directions which emit light. This
type of matter is in the terms of baryonic DM which is less
than 4% of the overall density of the universe. It is argued
that the remaining baryonic DM is in the nonluminous form
such as MACHOs which may fulfill the required percentage
of baryonic matter in the universe. However, the second
major constituent of the universe is nonbaryonic DM and
its contribution is approximately 23%. This matter cannot be
detected directly because it does not absorb, emit, or scatter
light of any wavelength.

The presence of DM in halo is deduced from its gravita-
tional impression on rotational curves of a spiral galaxy [1-3].
The standard model could not explain this phenomenon of
flat rotational curves observed in the galaxies. In particular,
the baryonic DM fails to give any clue about these rotational
curves related to neutral hydrogen clouds even located in
the outer region of galaxies. This leads to the hypothesis
that the nonluminous matter, that is, DM, is taken as the
cause for the rotational curves. However, its presence can be

detected only through its gravitational influence on visible
DM. The main possible candidates of nonbaryonic matter are
weakly interacting massive particles [4], supersymmetry [5],
modified theories [6, 7], and scalar fields [8, 9].

Navarro et al. [10, 11] discussed the structure of dark
halos by taking N-body numerical simulations and found
the density profile of these halos in the standard model
of cosmology. This scenario leads to the energy density of
galactic halo regions (galaxies and cluster of galaxies) as

)
ps=rsK(1+1) : M
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where 7, represents characteristics scale radius and K is
the corresponding density. This equation is referred to as
Navarro-Frenk-White density profile. It has been proved that
the geometry of dark galactic halo may be distinguished
by the traversable wormhole spacetime along with density
profile as well as flat galactic rotational curves. Rahaman
et al. [12] argued that these galactic halo regions possess some
characteristics to support the wormhole solution. They found
the equilibrium condition for this solution and detected it
through scattered scalar waves. Kuhfittig [13] discussed the
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gravitational lensing of wormhole solution in the galactic
halo region.

A wormbhole is a hypothetical path to connect different
regions of the universe. This path can be regarded as a
tunnel or bridge from which the observer may traverse easily.
In general relativity, the exotic matter (which violates the
energy conditions) constitutes basic ingredient to develop
mathematical structure of wormhole. The violation of null
energy condition is the necessary tool to form wormhole
solutions which also allow two-way travel. The search for a
realistic source which provides this violation (while normal
matter may satisfy the energy conditions) has gained a
lot of interest nowadays. This search introduced modified
theories of gravity, dynamical spacetime, scalar field, non-
commutative geometry, electromagnetic field, and so forth
in wormhole scenario. In modified theories of gravity, the
effective energy-momentum tensor is responsible for the cor-
responding violation while normal matter threads wormhole
solutions.

The f(T) theory of gravity (generalized teleparallel the-
ory) has attracted many people to explore it in different
physical scenarios like accelerated expansion of the universe
[14, 15], solar system tests [16], charged black hole solutions
[17], Noether symmetry [18], wormhole solutions [19, 20],
thermodynamics [21, 22], and many more. B6hmer et al. [20]
were the first who studied wormhole solutions in this gravity
by taking static spherically symmetric traversable wormhole
solutions and found some constraints on the wormhole
throat. The behavior of energy conditions is explored by
taking particular shape as well as redshift functions. The
power-law form of f(T) model, which is the sum of linear
and quadratic terms, is considered and physically acceptable
solutions are obtained. Jamil et al. [23] studied these solu-
tions by taking fluid as isotropic and anisotropic as well as
particular equation of state. They assumed a viable power-
law f(T') model which consists of teleparallel and square-root
terms in order to compare the results with general relativity.
They found that energy conditions are violated in anisotropic
case while these are satisfied for the remaining two cases.
We explored dynamical wormhole solutions for traceless as
well as barotropic equations of state [24] using analytic and
numerical f(T) models and concluded that weak energy
condition (WEC) holds in specific time intervals for these
cases.

Recently, we have studied wormhole solutions [25] in
the background of noncommutative geometry for f(T) =
aT" model as well as shape function. It was found that
the effective energy-momentum tensor serves as the basic
ingredient to thread the wormhole solutions and normal
matter gives some physically acceptable solutions. Here we
extend [26] this work to study the effects of electrostatic
field. In this paper, we explore static spherically symmetric
wormbhole solutions in the galactic halo region. We consider
exponential as well as logarithmic f(T) models and study
the shape function to set up wormhole scenario as well as
to check the behavior of WEC. The paper is organized as
follows. The next section provides overview of f(T) field
equations and energy conditions. In Section 3, we construct
matter components for wormhole solutions in the galactic
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halo region. Section 4 is devoted to the exploration of these
solutions for two well-known f(T) models. Also, we check
the equilibrium conditions of both solutions. The last section
summarizes the results.

2. f(T) Gravity and Energy Conditions

In this section, we briefly overview f(T) gravity and energy
conditions. The action for the generalized teleparallel gravity
is defined as [27-30]

1
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where h = det(hil), h; denotes the tetrad, Z,, is the matter
Lagrangian, and f is an arbitrary differentiable function of
the torsion scalar T. The tetrad field is an orthonormal set
of four-vector fields which is the basic entity in developing
the torsion tensor as well as torsion scalar for this gravity.
The tetrad variation of this action yields the following field
equations:

1 v A QY 2
[0, (") + RS fr v WSS, (1) firr .,
3

1 1,
+ A—thf = EK hiyg;,
where fr = df/dT, frr = d°f/dT?, and T is the matter
tensor. The torsion scalar is defined as
_ Y QY
T= TWSV . (4)

Here the antisymmetric torsion and superpotential tensors
are

), =h! (ath - aﬂhi) ,

5
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and K!7 is the contorsion tensor given by
1
wy _ _ = wv _ VU _ wy
Ky - Z(Ty Ty Ty ) (6)

The covariant reconstruction of the field equations pro-
vides equivalence between Einstein-Hilbert and generalized
teleparallel gravity actions. Rearranging all the partial deriva-
tives in (5) and (6), replacing them by covariant derivatives,
and using the compatibility of the metric tensor, V,g,, = 0,

the relations S0V = THCY) = KWWY = ( with Shu = 2T}, =
2K% lead to R+T = —2V¥T},. This implies that T and R differ

only by covariant divergence of the torsion tensor. Using these
relations with Einstein tensor, G,, = R, — (1/2)g,,R, we
obtain after some manipulations

1
Gy~ 3 G T = =S Ky, = V7S (7)

py vou*

Substituting this equation in (3), the field equations become

1
fTG[w + D[waT + Eg[w (f - TfT) = Kzgyv’ (8)
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where D, = S’V’FVYT. The trace equation takes the form

Dfpr— (R+2T) fr+2f =7, )

with D = Df and 7 = . The f(T) field equations can be
rewritten as

2
K

Gwzﬁ(ﬂ”

where torsion contribution through trace equation yields

ot T ), (10

1
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T _
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The energy conditions are used to work out many general
results in different physical scenarios. The violation of these
conditions in general relativity leads to the construction
of wormhole solutions. The Raychaudhuri equation and
attractiveness of gravity yield the energy conditions as

@Hp+p=0,

(ii) p+p=20,p+3p=>0,
(iii) p=0, pt p >0,
(iv)p=0,p+p=0,

null, strong, dominant, and weak energy conditions, respec-
tively. Here, p and p represent the energy density and
pressure of perfect fluid. In modified theories of gravity, these
conditions are modified in terms of effective energy density
and pressure; for example, WEC becomes p.g > 0, pg +
Peg = 0. We discuss the behavior of WEC in order to explore
wormbhole solutions in the galactic halo region.

3. Wormhole Geometry in
the Galactic Halo Region

Here, we provide wormhole scenario in the galactic halo
region and construct matter contributions using effective
formalism. The static spherically symmetric spacetime rep-
resenting wormhole geometry is given by

-1

as* = 0 — (1 ﬂ) dr? =1 (d6? + sin0d¢?),
r

(12)

where g(r) denotes redshift function which corresponds to
gravitational redshift and s(r) is the shape function which
determines shape of the wormhole. The redshift must satisfy
the no-horizon condition which allows two-way travel imply-
ing that g(r) must be finite everywhere in the spacetime.
This shape function satisfies flaring-out conditions which
depend on the radius of wormhole throat, the minimum
value of . To discuss wormhole geometry, it is very important
to locate the throat so that traversability of the wormhole
solution is guaranteed. The flaring-out conditions constitute
(s —s'r)/r* > 0 for the throat radius roand s(r) = ryatr =r,
along with s’ (ry) < 1. At large distances, the spacetime should
meet the asymptotically flat condition; that is, s(r)/r — 0 as

r — 00. The condition 1 — s/r > 0 also requires to be met
at throat. A suitable form for the redshift function obtained
from flat rotational curve is given by [1-3, 12, 13]

629(”) — crm, (13)

where m = 2(v%)%, v? is the rotational velocity in the DM
region which is nearly constant through rotational curve
profile. Also, ¢ is an integration constant taken as ¢ = (1/r,)"
for the sake of simplicity. We assume anisotropic matter
distribution for which the energy-momentum tensor is

Tp=(p+p)UUs—pSs+(p—p)VVs (14

where p, and p, are the radial and transverse components
of pressure. The four velocity of the fluid U” and the unit
spacelike vector V* satisfy U"U, = 1, V*V, = -1, and
U*V,, = 0. The corresponding energy-momentum tensor is

7= ding ()., () (). (1)

For static spherically symmetric spacetime, the diagonal
tetrad leads f(T) gravity to teleparallel gravity. In order to
find out wormbhole solutions, we consider nondiagonal tetrad
representing the most favorable choice for f(T') gravity. The
tetrad components for the metric (12) are given by

—
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3
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1
0 ————sinfcos¢ rcosfcos¢p —rsinfsing
- V1= (s/r)
1 b
0 —————sinfsin¢g rcosfOsing rsindcos¢
V1= (s/r)
0 ;COSG —rsin6 0
1-(s/r)
(16)

where s = s(r). The torsion scalar turns out as

2 s s s s
re2 [ ) S em(1-2 i)
r r) r r r
17)
Equation (10) yields the following field equations:
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(18
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where prime refers to derivative with respect to r and J(r) is
given by

J(r) = = (T = Dfyr + Rfy). (19)

N



s(r)
P

25 B

2.0 -l 1 1 1 l-

(a)

Advances in High Energy Physics

200 FT T T T T =

150 - E

100 - R

s(r)/r

50 i

(®)

FIGURE 1: Plots of s(r) (a) and s(r)/r (b) versus r for exponential model.

Finally, the field equations (18) can be written as

pzi_;fT'*'%(l_;—\j;)T,fTT’ (20)
R P

P = 2—1r <\/1 - —(1+ %)(1— §)>TlfTT
(22)

35006

Using p = p, in (20) and inserting the value of p, from (1), we
obtain

s'fT+r<1—f— \/1—5>T'fTT= Lz’

r r (1+(r/r))
which involves two unknowns, s(r) and f(T). For the
wormhole structure and WEC, we have to choose one of these
functions. It has been proved in effective scenario that the
effective energy-momentum tensor indicates the existence
of wormbhole solutions. Here, it satisfies when the following
inequality holds: peﬂr + pfff = ((s'r = )/r) + @Cm/rH)(1 -
(s/r)) <O.

(23)

4. Wormbhole Solutions for
Specific f(T) Models

In this section, we explore wormhole solutions by taking
two specific viable models, exponential and logarithmic f(T')
models. We also construct equilibrium conditions for these
solutions.

4.1. Exponential Model. Firstly, we consider model in expo-

nential form as [31]
f(0)=T-ar(1-77), (24)

where «, 3 are constants and T}, represents current value of
the torsion scalar. This model undergoes some cosmological

viability conditions; for example, it behaves like ACDM for
the limit 3 = 0. For T — o0, this model satisfies the
condition f/T — 1 at higher values of redshift consistent
with observational constraints from the primordial nucle-
osynthesis and cosmic microwave background. The redshift
function given in (13) takes the form g(r) = m/r. Inserting
this model in (23), it follows that

T,
s'[1—a+a(1—b>eﬁT°/T]—£<1—£—\/1—5)
T r? r r

+rs'—s<1_ 1 )

l-f)3

y T_§ 2 BT,/T
% maf3°e

Krr

S

(1+ (r/rs))2 .

(25)

We check the behavior of shape function and flaring-out con-
ditions numerically through graphs by taking arbitrary values
of the parameters such as « = -0.04, 8 = 0.0000002, m =
0.02,K = 2,r, = 1,and T = —0.2. Figure 1(a) represents the
increasing behavior of shape function versus r. In Figure 1(b),
s/r versus r is plotted to check the asymptomatically flat
condition. This shows that s/r approaches to zero as we
increase r which represents that flatness is asymptomatically
obtained. To locate the throat of the wormhole, we plot s(r)—r
versus 1 as shown in the plot of Figure 2(a). The throat of
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FIGURE 2: Plots of s(r) — r (a) and s’ (b) versus r for exponential model.

the wormhole is that value of r at which s(r) — r crosses or
meets the r-axis. In this plot, the throat islocated at r = 3.374;
that is, r, = 3.374. The first derivative of shape function,
s', is also plotted versus r as shown in Figure 2(b), which
indicates that s’ at r, satisfies the condition s'(r,) < 1 as
s'(3.374) = 0.3527 < 1. Also, the condition s(r,) = r, at
r = r, is satisfied as shown in Figure 1(a).

To check the behavior of WEC for exponential model, the
expressions of matter content using (20)-(22) are given by

!
S BT, BT,/T
p:—r2 [l—oc+oc(1——T >e

1
- (1 T (s/r>) (26)

2
+{2(1—\/1—5>——5
r r
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rs — S
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FIGURE 3: Plots of WEC: p versus + (red curve), p+ p, versus r (green
curve), and p + p, (blue curve) versus r for exponential model.

1 N\ ZﬁTo/T]
X<1 2x/1—(s/r))}T3maﬁe '

(28)

Figure 3 represents the graph of these expressions versus r
which indicate that p and p+ p, show decreasing behavior but
remain positive while behavior of p + p, is negative. Thus, the
WEC is violated for wormhole solution in the galactic halo
region.
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FIGURE 5: Plots of s(r) — r (a) and

4.2. Logarithmic Model. Here we assume model in logarith-
mic form as [32]

- T\ 9T,
s im(5) ()

where y and q are arbitrary constants. This model represents
cosmological viability by showing accelerated expansion of
the universe. Substituting this model in (23), we obtain the
following differential equation in terms of shape function:

o2 (00) () T 1Y
g\ T T T \qT,

2 s S
_Z(1=2-i1=2
r2< r \/ r)

(29)
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s (b) versus r for logarithmic model.

(14 ()
(30)

Keeping the same parameters along with g = —0.0000002
and y = 0.9, we evaluate shape function numerically and
plot versus r as shown in Figures 4 and 5. The plot of s(r)
versus r indicates increasing behavior while s(r)/r meets
asymptomatically flat condition. The throat of the wormhole
is obtained as r, = 0.008786 for which first derivative of
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shape function holds the corresponding condition; that is,
s'(0.008786) < 1. At throat, s(r,) = r, approximately holds
as shown in Figure 4(a).

To check the validity of WEC for this model, inserting
(29) in (20)-(22), we obtain

s [;q(qTo) 1n(qTTO>_YTTO<%>UZ]
EHOE
(i)

T’S =S

P21 ) N
31
+m{—%+2<1—\j1—;>
rs —s 1
G )
[ (E) (1-in(F)
()
e bl-3)- .
32

+r5 —5(1_ 1 )}
r 2+/1 = (s/r)
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FIGURE 6: Plots of WEC: p versus r (red curve), p+ p, versus r (green
curve), and p + p, (blue curve) versus r for logarithmic model.
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X )/_7;0<l x<l——ln<qT0)>
qT, 4 T

(33)

Using these expressions, we plot WEC versus r as shown in
Figure 6. The curves corresponding to p,p + p, and p + p,
represent the same behavior as for the exponential model.
The WEC is violated as the curve of p + p, indicates negative
behavior with respect to r.

4.3. Equilibrium Conditions. Finally, we discuss the equi-
librium configuration of the wormhole solutions for both
models by taking the generalized Tolman-Oppenheimer-

Volkov equation [12, 13]

Pr

dT (P + Pr) (Pr - pt) =0, (34)

for the metric ds* = dlag(ew ", —1?, —r%sin®6). Ponce

de Ledn suggested this equation for the anisotropic mass
distribution in the galactic halo region as follows:

M2

apr ¢ Maipipy=0 (9
T

dT +- (pt pr)_

Here M.z = (1/ 2)r2eW2)! is the effective gravitational
mass which is measured from throat to some arbitrary radius
r. This equation indicates the equilibrium configuration for
the wormhole solutions by taking gravitational and hydro-
static as well as anisotropic force due to the anisotropic matter
distribution. Using (35), these forces are defined, respectively,
as
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FIGURE 7: Plots of equilibrium conditions for exponential (a) and logarithmic (b) f(T') models. Red solid curve represents F, /> green dashed

curve represents F, ., and blue dotted curve represents F,, versus r.

For the wormbhole solutions to be in equilibrium, it is required
that
Fgf + Fhf + Faf = 0 (37)
For exponential and logarithmic models, we use (26)-
(28) and (31)-(33), respectively, in (36) along with A
Zg'(r) = m/r which represents the derivative of redshift
function. The evolution trajectories of the gravitational,
hydrostatic, and anisotropy forces are shown in Figure 7
by keeping the same values of constants. These trajectories
indicate that combined effect of the forces results in the
equilibrium configuration of wormhole solutions for both
models. The gravitational force is very small as compared
to the hydrostatic and anisotropic forces which represent
opposite behavior to each other. This opposite behavior
balances the system and stabilizes the wormhole solutions in
equilibrium condition.

5. Concluding Remarks

The development of wormhole solutions with the help of
effective energy-momentum tensor has reawaked interest to
study these solutions in modified theories of gravity. We
expect some characteristics needed to support traversable
wormbhole solutions in the galactic halo region. In this paper,
we have explored static spherically symmetric wormhole
solutions with flat galactic halo curves in f(T) gravity by
taking nondiagonal tetrad and two viable f(T) models,
exponential and logarithmic models. We have explored the
wormhole geometry by plotting shape function with its
corresponding conditions for both models. The wormhole
solutions satisfy all the conditions corresponding to worm-
hole geometry. We have checked the behavior of WEC for
both models and found that WEC is violated for both models
by taking some particular values of constants. Finally, we have
formulated the equilibrium conditions in order to check the
stable configuration. It is worthwhile to mention here that
both models represent equilibrium configuration and show
compatibility with the results of [12, 13].

Jamil et al. [23] studied wormhole solutions for power-
law f(T) model by taking different equations of state. They
assumed constant redshift function while a viable shape func-
tion in anisotropic case. The tiny wormbhole is found as energy
density represents positive behavior for a very small range as
r < 0.25. The NEC is violated for both radial and tangential
pressure components and hence no wormhole solution exists
in this case except r < 0.25. For barotropic and isotropic
cases, energy conditions hold and wormhole solutions exist
but these solutions do not satisfy asymptomatically flat
condition. In this paper, we have considered flat galactic halo
curves in exponential and logarithmic f(T') models. We have
taken a suitable form for the redshift function obtained from
flat rotational curve and discussed the wormhole geometry
by plotting shape function with its corresponding conditions
for both models. The wormhole solutions satisfy all the
conditions corresponding to wormhole geometry including
asymptomatically flat condition. However, energy conditions
are violated for both models while equilibrium conditions are
satisfied.
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