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Abstract In this paper, we investigate the stability of quark stars with four different types of inner matter config-

urations; isotropic, charged isotropic, anisotropic and charged anisotropic by using the concept of cracking. For this

purpose, we have applied local density perturbations technique to the hydrostatic equilibrium equation as well as on

physical parameters involved in the model. We conclude that quark stars become potentially unstable when inner matter

configuration is changed and electromagnetic field is applied.

PACS numbers: 04.20.-q, 04.40.Dg, 04.50.Gh
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1 Introduction

Strange matter (bulk quark matter) has been hypoth-

esized to be more stable than hadronic matter.[1] Thus a

natural question arises about the existence of strange stars

(SS) which are composed of strange matter. It is very dif-

ficult to discriminate between neutron stars (NS) and SS,

since both share many similarities in observational phe-

nomenon. But these objects can be discriminated on the

basis of mass-radius relation. In this context, Li et al.[2]

argued that Her X-1 star is a good candidate for SS. The

possible existence of SS is a direct result of hypothesis that

strange matter is the ground state of strongly interacting

matter. Bombaci[3] provides observational evidence for

possible existence of strange matter in x-ray buster 4U

1820-30. He found that the models of NS with conven-

tional equation of state (EoS) cannot guarantee to have

SS mass-radius relation for 4U 1820-30. However, for suit-

able choice of parameters SS models are consistent with

4U 1820-30. The arguments about x-ray pulsar Her X-1

and x-ray buster 4U 1820-30 to be SS were reinforced by

Day et al.[4] They derived EoS for strange matter to calcu-

late the mass-radius relation for SS which was in complete

agrement with compact objects Her X-1 and 4U 1820-30.

Many authors presented quark stars (QS) models for

charged and neutral strange matter. Mak and Harko[5]

studied spherically symmetric charged QS model with one-

parameter group of conformal motion and found a unique

static charged configuration of quark strange matter with

radius 9.46 km and total mass 2.86M⊙. Thirukkanesh

and Maharaj[6] found a family of solutions for charged

anisotropic matter and showed that they correspond with

already discovered SS for suitable values of parameters.

Negreiros et al.[7] described how electric field may effect

mass and radii of QS. Gangopadhyay et al.[8] predicted

new refined masses and radii of SS like 4U 1820-30 and Her

X-1. QS occurs when matter is squeezed tightly together

just before collapse of a star into a black hole. Matter

in this state has some very unusual properties. For ex-

ample, its pressure is largely independent of temperature

and due to tightly squeezed atoms only the strong force

has any significant influence on its behavior.

The models of QS are physically acceptable if they

are stable towards perturbations. Therefore, it is inter-

esting to study stability of QS models. In this scenario,

Herrera[9] introduced the concept of cracking to study col-

lapse of stellar objects. Cracking describes the behavior

of inner matter distribution just after equilibrium state is

perturbed. The cracking takes place in self-gravitating ob-

jects due to reversal of sign in radial forces.[10] Herrera[11]

discussed the transverse cracking of self-gravitating ob-

jects by investigating the effects of axially symmetric per-

turbations on matter variables. Di Prisco[12] and co-

workers proved that cracking would take place in spher-

ical objects due to small fluctuations in local anisotropy.

Hernandez[13−14] analyzed cracking with local and non-

local EoS for spherically symmetric objects. Abreu[15] pre-

sented the idea of cracking through radial sound speed and

tangential sound speed by considering the radial pressure

Pr and tangential pressure Pt as a function of constant

density ρ i.e. Pr = Pr(ρ) and Pt = Pt(ρ). Manjarrez et

al.[16] extended the concept of cracking for charged fluid

distributions. Gonzalez[17−18] presented the idea of local
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density perturbations (DP) to discuss the idea of cracking

for relativistic spheres. Azam et al.[19−20] applied the local

DP scheme to find stability regions of compact objects.

The effect of charge on the physical properties like

mass, expansion and gravitational collapse of stellar ob-

jects is widely discussed in general relativity (GR) and as-

trophysics. Bonnor[21−22] studied the impact of charge on

spherical stellar objects and found that electric repulsions

can halt the gravitational collapse. Ray et al.[23] found

that the maximum limit of charge is approximately 1020

coulomb for a stable compact star. Sharif and Azam[24−25]

analyzed the stability of spherical and cylindrical systems

in the presence of electromagnetic field. In this work, we

apply the idea of cracking to QS models with neutral and

charged inner matter configurations. Here, we have taken

local DP instead of global DP. The model presented by

Maharaj et al.[26] is considered in this work, which can be

used to discuss different QS models (isotropic, anisotropic,

neutral and charged) for suitable values of parameters.

The detailed physical analysis of this model for A0 = 0

was given by Sunzu et al.[27] This choice of parameter was

necessary to ensure that entropy vanishes at the stellar

center.

This paper is arranged as follows. Section 2 deals with

Einsten–Maxwell field and basic equations correspond-

ing to charged anisotropic fluid. We have presented the

general formalism to determine the cracking of isotropic,

anisotropic, neutral and charged QS with local DP in

Sec. 3. Section 4 investigates the stable and unstable re-

gions of QS models. In the last Sec. 5, we conclude our

results.

2 Einstein-Maxwell Field and Basic Equa-

tions

We consider the line element for a static spherically

symmetric space time in curvature coordinates given by

ds2 = − e2ν dt2 + e2λdr2 + r2(dθ2 + sin2 θdφ2) , (1)

where 0 ≤ θ ≤ π, 0 ≤ φ < 2π and ν = ν(r), λ = λ(r)

represent gravitational potentials and the Maxwell’s equa-

tions are

Fab;c + Fbc;a + Fca;b = 0 , (2)

F ab
;b = 4πJa, (3)

where F ab is the electromagnetic field tensor, J is the

four current density. The skew-symmetric electromagnetic

field tensor can be decomposed as

F ab =











0 Ex Ey Ez

−Ex 0 Bz By

−Ey −Bz 0 Bx

−Ez −By −Bx 0











, (4)

here, E = (Ex, Ey, Ez) is the electric field and B =

(Bx, By, Bz) is the magnetic field. The energy-momentum

tensor of electromagnetic field is given by

Eab = FacF
c
b − 1

4
gabFcdF

cd, (5)

with electromagnetic field tensor Fab and four current den-

sity Ja are defined by

Fab = Ab,a −Aa,b, Ja = σua, (6)

where A is the four potential and σ is the proper charge

density while ua = e−νδa
0 is four vector velocity of the

fluid. The four potential is defined as

Aa = (φ(r), 0, 0, 0) . (7)

Using this in above equation, we obtain the only non-zero

component of skew-symmetric field tensor

F01 = −φ′(r) , (8)

which can also be written as

F 01 = e−2(ν+λ)φ′(r) = e−(ν+λ)E(r) , (9)

where, we have used E(r) = e−(ν+λ)φ′(r). The to-

tal energy-momentum tensor corresponding to charged

anisotropic fluid sphere is defined as

Tab = diag
(

−ρ− E2

2
, Pr −

E2

2
, Pt +

E2

2
, Pt +

E2

2

)

. (10)

The terms E, ρ, Pr and Pt correspond to electromagnetic

field, energy density, radial pressure, and tangential pres-

sure of the fluid respectively.

The synergy of energy-momentum tensor of electro-

magnetic field and matter are governed by system of field

equations. These synergies of spherically symmetric met-

ric corresponding to Einstein–Maxwell field equations are

given by

Gab = κTab = κ(Mab + Eab) , (11)

where Mab is the energy momentum tensor of the fluid in-

side the star. We have set the value of coupling constant

κ = 8π (G = c = 1) in the geometric unit system. The

non-zero components of Einstein–Maxwell field equations

corresponding to Eqs. (1) and (10) are given by

1 + e−2λ(2rλ′ − 1) = 8πr2ρ+ r2
E2

2
, (12)

1 − e−2λ(2rν′ + 1) = −8πr2Pr + r2
E2

2
, (13)

e−2λ(λ′r − ν′r − ν′′r2 + ν′λ′r2 − (ν′)2r2)

= −8πr2Pt − r2
E2

2
, (14)

r2σ = e−λ(r2E)′ , (15)

where “′” denotes the differentiation with respect to r.

It is argued that the choice of EoS for fluid inside of the

star plays a key role for its physical significance.[4] The

EoS describes how physical quantities like radial pressure,

tangential pressure and density are related to each other.

In this work, we have used the linear EoS for strange mat-

ter to explore the stability of QS. The linear form is given
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by

Pr =
ρ− 4B

3
, (16)

where B is a constant related to the surface density of

QS. If Massachusetts Institute of Technology (MIT) bag

model for QS is considered then B is identified with the

bag constant.[28]

Solving Eqs. (12)–(14) simultaneously, we obtain hy-

drostatic equilibrium equation (TOV) for anisotropic

charged fluid

dPr

dr
=

2(Pt − Pr)

r
− (ρ+ Pr)ν

′ +
E

8πr2
(r2E)′, (17)

which shows that gradient of pressure is effected by charge

and anisotropy of fluid. Using the relation e−2λ(r) =

1 − 2M/r +Q2/r2 in Eq. (17) gives

Ω = − dPr

dr
+

2(Pt − Pr)

r

+ (ρ+ Pr)
−4M/r + 3r2E2 − 8πr2Pr

4r(1 − 2M/r + r2E2)

+
(r2E)

′
E

8πr2
= 0 . (18)

Equation (18) describes the behavior of charged

anisotropic inner fluid of compact star just after equilib-

rium state is perturbed. We will use Eq. (18) to discuss the

cracking of QS for different inner matter configurations as

it can be reduced to uncharge case by taking E = 0 and

isotropic case by assuming Pt − Pr = 0.

3 Effect of Local Density Perturbation

We apply local DP,[17−18] i.e. δρ on charged QS in

equilibrium state. From Eq. (18), it is clear that cracking

takes place in interior fluid of QS when equilibrium state

is interrupted due to change in sign of perturbed force

and vice-versa. We apply the local DP to perturb all the

physical variables like mass, radial and tangential pres-

sure, electromagnetic field and their derivatives involve in

Eq. (18), given by

Pr(ρ+ δρ) = Pr(ρ) +
dPr

dρ
δρ , (19)

dPr

dr
(ρ+ δρ) =

dPr

dr
(ρ) +

[ d

dr

( dPr

dρ

)

+
dPr

dρ

d2ρ

dr2
1

dρ/dr

]

δρ , (20)

Pt(ρ+ δρ) = Pt(ρ) +
dPt

dρ
δρ , (21)

M(ρ+ δρ) = M(ρ) +
dM

dρ
δρ , (22)

E(ρ+ δρ) = E(ρ) +
E′

ρ′
δρ , (23)

E′(ρ+ δρ) = E′(ρ) +
E′′

ρ′ δρ . (24)

The radial sound speed v2
r and tangential sound speed v2

t

are defined as

v2
r =

dPr

dρ
, v2

t =
dPt

dρ
. (25)

The perturbed form of Eq. (18) is given by

Ω = Ω0(ρ, Pr , P
′
r, Pt, M,E,E′) + δΩ , (26)

where

δΩ =
∂Ω

∂ρ
δρ+

∂Ω

∂Pr
δPr +

∂Ω

∂P ′
r

δP ′
r +

∂Ω

∂Pt
δPt +

∂Ω

∂M
δM

+
∂Ω

∂E
δE +

∂Ω

∂E′
δE′ , (27)

which can also be written as
δΩ

δρ
=
∂Ω

∂ρ
+
∂Ω

∂Pr
v2

r +
∂Ω

∂P ′
r

(v2
r
′
+ v2

rρ
′′(ρ′)−1) +

∂Ω

∂Pt
v2

t
′

+
4πr2

ρ′
∂Ω

∂M

(

ρ+
E2

2

)

+
∂Ω

∂E

E′

ρ′ +
∂Ω

∂E′

E′′

ρ′
. (28)

This is the fundamental equation used to determine the

effect of local DP on the cracking of charged anisotropic

fluid. We will plot δΩ/δρ against radius “r” of the star for

different values of the parameters involved in the model.

Using Eq. (18), the derivatives involved in the above equa-

tion are given by

∂Ω

∂ρ
=

−4M − 16πr3Pr + 3r3E2

4r2 − 8Mr + 4r4E2
, (29)

∂Ω

∂M
= − (ρ+ Pr)(4r

2 − 16πr4Pr − 2r4E2)

(2r2 − 4Mr + 2r4E2)2
, (30)

∂Ω

∂Pr
= −2

r
− 2M + 16πr3Pr + 8πr3ρ− r3E2

2r2 − 4Mr + 2r4E2

+
r2E2

4r − 8M + 4r3E2
, (31)

∂Ω

∂Pt
=

2

r
,

∂Ω

∂P ′
r

= −1 , (32)

∂Ω

∂E
= − (ρ+ Pr)(r

2E)(3r − 10M + 6r3E2 − 6πr3Pr)

2(r − 2M + r3E3)2

+
2 + rE′

8πr
, (33)

∂Ω

∂E′
=

E

8π
. (34)

4 Cracking of Quark Star Models

In this section, we apply the general formalism devel-

oped in the above section for cracking of charged QS to

the model given by Maharaj.[26] The model selected here

can be applied to QS for different inner matter configura-

tions; isotropic, charged isotropic, anisotropic and charged

anisotropic fluid for suitable values of parameters involve

in the model of QS. The model selected here is consistent

with previously developed charged QS models[5−6] and un-

charged QS models[4,8] by taking A0 = 0. The model is

defined by means of mass M , density ρ, anisotropy ∆,

radial pressure Pr, tangential pressure Pt and electromag-

netic field E are given in appendix (see Eqs. (A1)–(A9)).
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Also, the radial and tangential sound speed velocities

can be obtained from Eqs. (A3) and (A4) and are given

in appendix (see Eqs. (A10) and (A11)).

The constants a, B, C, A1, A2 and A3 have dimen-

sion of length (L−2). The model presented here is more

general and have flexibility of letting various choices of

parameters. The suitable choice of parameters allows us

to regain stellar masses and radii of compact objects as

identified by many research groups. These parameters are

given by the following relations; ã = aℜ2, B̃ = Bℜ2,

C̃ = Cℜ2, Ã1 = A1ℜ2, Ã2 = A2ℜ2, Ã3 = A3ℜ2, where ℜ
has the same units as r and in order to match with real-

istic units, it is given by ℜ = 43.245 km. Table 1 shows

both charged and uncharged QS model corresponding to

different choices of parameters.[27] Tables 2 and 3 depict

cracking points of QS represented by R1, R2, R3 and Rs

corresponding to charged anisotropic, anisotropic, charged

isotropic, and isotropic fluid respectively.

Fig. 1 (Color online) Plots show that cracking takes
place for charged anisotropic (red curve), anisotropic (blue
curve) and charged isotropic (green curve) fluids with crack-
ing points R1, R2 and R3 respectively. The purple curve
shows that the model remains stable (no cracking) for
isotropic fluid distribution.

Fig. 2 (Color online) Stability regions of Thirukkanesh
and Maharaj model corresponding to charged anisotropic
(red curve), anisotropic (blue curve), charged isotropic
(green curve) and isotropic (purple curve) fluids.

Fig. 3 (Color online) Stability regions of uncharged
quark star for isotropic and anisotropic fluids.

Fig. 4 (Color online) Stability regions of uncharged
quark star for isotropic and anisotropic fluids.

For the sake of stability regions of QS, we have plotted

force distribution against radius for different values of the

parameters involved in the model shown in Figures 1–4.

We summarize these results as follows

• Figure 1 represents the stability regions of charged

QS obtained by Mak and Harko.[5] We see that

cracking take place for charged isotopic, anisotropic

and charged anisotropic fluids with cracking points

R3 = 9.404 km, R2 = 9.343 km and R1 = 9.408 km

(given in Table 2), respectively. These cracking

points are labeled by the symbols “∗”, “o” and “.”

for charged anisotropic, anisotropic, and charged

isotropic fluids respectively. However, the system

remains stable (no cracking) for isotropic fluid dis-

tribution and represented by Rs in Tables 2, 3.

• Figure 2 deals with investigation of cracking
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of charged QS presented by Thirukkanesh and

Maharaj.[6] We note that cracking takes place for

charged isotropic and anisotropic fluids. The crack-

ing points are labeled by R2 = 7.046 km and R3 =

7.069 km for anisotropic and charged isotropic flu-

ids, respectively and are represented by the symbols

“o” and “∗” as shown in the figures. It is worth men-

tioning here that unlike in the above case, the given

model remains stable for the charged anisotropic

fluid.

• Figures 3 and 4 show that blue curve changes its

sign from negative to positive for anisotropic fluid

both for uncharged QS models presented by Dey et

al.[4] and Gangopadhyay et al.,[8] while purple curve

does not change its sign. We conclude that the given

model is stable for isotropic fluid distribution but ex-

hibits cracking for anisotropic fluid represented by

symbol “o” with cracking point R2 given in Table 3.

Table 1 Various parameter values for various models of QS.[27]

Model ã B̃ C̃ Ã1 Ã2 Ã3 Radius/km Mass

Dey[4] 202 12 1 25 20 20 7.07 1.433M⊙

Mak[5] 52 12 1 20 25 20 9.46 2.86M⊙

Thirukkanesh[6] 350 12 1 289 200 260 7.07 0.94M⊙

Gangopadhyay[8] 350 12 1 230 235 240 9.40 1.67M⊙

Table 2 Cracking of charged quark star models.

Model R1/km R2/km R3/km Rs/km

Mak and Harok[5] 9.408 9.343 9.404 Stable

Thirukkanesh and Maharaj[6] Stable 7.046 7.069 Stable

Table 3 Cracking of uncharged quark star models.

Model R2/km Rs/km

Dey et al.[4] 6.957 Stable

Gangopadhyay et al.[8] 9.370 Stable

5 Outlook

We have applied the technique of cracking presented

by Herrera[9] to QS. The idea of cracking helps us to un-

derstand the behavior of inner fluid distribution just after

departure from equilibrium state. The DP may be respon-

sible for cracking (overturning) of anisotropic sphere.[9] In

his study, the global DP affects physical quantities like

mass, tangential and radial pressure but does not effect

pressure gradient. In this work, we have used local DP

technique instead of global DP[17−18] to study cracking of

QS with electromagnetic field.

The impact of local DP on the stability of inner fluid of

QS with and without charge is considered with isotropic

and anisotropic configurations in the framework of GR. It

has been observed that cracking of QS takes place when

the system leaves its equilibrium state. The numerical

value of Ri, i = 1, 2, 3 (cracking points) provides the sta-

ble region in the QS with SS EoS.

We have used the model of Maharaj et al.[26] to inves-

tigate the cracking of charged and uncharged QS. Figures

1, 2 correspond to the stability of QS in the presence of

charge for different values of parameters given in Table 1.

It is shown that QS remains stable, when isotropic inner

matter configuration with SS EoS is considered in neu-

tral case but it may exhibit cracking with the inclusion of

charge and anisotropy. In Figs. 3, 4, we have given the

comparison of stability region of QS[4,8] in neutral case.

In these figures stability regions are plotted for isotropic

and anisotropic inner matter configurations. These QS are

stable for isotropic fluid but exhibit cracking when inner

fluid configuration is changed to anisotropic fluid. The

observe values of Ri, i = 1, 2, 3 are given in Tables 2, 3 for

different values of parameters presented in Table 1.

It is noted that the local DP scheme does not af-

fect the stability of QS (remains stable) in neutral case

with isotropic inner matter configuration, while changes

its stability (potentially unstable) drastically with the in-

clusion of charge. Such phenomenon is also observed when

inner matter configuration is changed from isotropic to

anisotropic fluid. Thus the local DP technique under SS

linear EoS considerably effects the stability regions of QS.

When physical parameters like mass, electromagnetic field

and density of QS are locally perturbed they drastically ef-

fect the sensitivity of radial forces which may lead towards

the gravitational collapse. We conclude that the binding

forces of QS may become weaker as we move away from

the center of QS and it becomes less dense as charge intro-

duced or inner matter type is changed from isotropic to

anisotropic fluid. Finally, we conclude that the QS may

exhibit cracking in the presence of electromagnetic field

and anisotropic fluid.
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Appendix: Definition of the Quantities in the Selected Model

The quantities are defined as follows

M(r) =

√
3a arctan(

√

3r
a )

3C3/2

(157A3a
4

57 915
− 100A2a

3

9009
+

59A1a
2

1155
+

188Ba

315
+

129C

35

)

−
( r

C

)3/2(14A3a
3

1287
− 10A2a

2

429
+

2A1a

33
+
B

9

)

− arctan
(

√

r

a

)

×
√

a

C3

(31A3a
4

2145
− 31A2a

3

100
+

31A1a
2

385
+

62Ba

105
+

93C

35

)

−
√
r(3A3a5

715 − 9A2a4

1001 + 9A1a3

385 + 6Ba2

35 + 27Ca
35 )

C3/2(a+ r)

−
√
r
(

8 334 452 270 777 287A3a5

9 223 372 036 854 775 808 − 100A2a4

27 027 + 59A2a3

3465 + 188Ba2

945 + 43Ca
35

)

C3/2(a+ 3r)

−
√
r(2A3a6

2145 − 2A2a5

1001 + 2A1a4

385 + 4Ba3

105 + 6Ca2

35 )

C3/2(a+ r)2

−A3

( r2

30
+

14ar

585
− 1268a

96 525

)

−
r5/2(74A2

2145 − 7A1

110 + 4r
91 )

C3/2
, (A1)

ρ =
B(210a5 + 798a4r + 1476a3r2 + 2540a2r3 + 2090ar4 + 630r5)

105(a+ r)
3
(a+ 3r)

2

+
3C(140a4 + 434a3r + 318a2r2 + 150ar3 + 30r4)

35(a+ r)3(a+ 3r)2
+

3ψ(r)

105(a+ r)3(a+ 3r)2
, (A2)

Pr = −
B(70a5 + 994a4r + 3708a3r2 + 16 780a2r3

3 + 11 770ar4

3 + 1050r5)

105(a+ r)
3
(a+ 3r)

2

+
C(140a4 + 434a3r + 318a2r2 + 150ar3 + 30r4)

35(a+ r)
3
(a+ 3r)

2 +
ψ(r)

105(a+ r)
3
(a+ 3r)

2 , (A3)

Pt = −
B(70a5 + 994a4r + 3708a3r2 + 16 780a2r3

3 + 11 770ar4

3 + 1050r5)

105(a+ r)3(a+ 3r)2

+
C(140a4 + 434a3r + 318a2r2 + 150ar3 + 30r4)

35(a+ r)
3
(a+ 3r)

2 +
ψ1(r)

105(a+ r)
3
(a+ 3r)

2 , (A4)

∆ = A3r
3 +A2r

2 +A1r , (A5)

E2 = −ψ2(r) − C(1764a3r + 13 068a2r2 + 12 204ar3 + 3780r4)

315(a+ r)
3
(a+ 3r)

2

− B(168a4r + 1296a3r2 + 6528a2r3 + 7280ar4 + 2520r5)

315(a+ r)3(a+ 3r)2
, (A6)

where

ψ(r) = A1r
(

− 21a5 − 57a4r + 20a3r2 +
1360a2r3

3
+ 105ar4 +

315r5

11

)

−A2r
2
(45a5

2
+

185a4r

2
+

1145a3r2

11
+

315a2r3

13
− 7245ar4

286
− 315r5

26

)

−A3r
3
(70a5

3
+

3710a4r

33
+

2310a3r2

13
+

17 206a2r3

143
+

392ar4

13

)

, (A7)

ψ1(r) = A2r
2
(165a5

2
+

1705a4r

2
+

33 505a3r2

11
+

62 474a2r3

13
+

24 885r5

26
+

7 675 321 606 664 163ar4

2 199 023 255 552

)

+A3r
3
(3080a5

3
+

27 475a4r

33
+

38 640a3r2

13
+

5 178 346 077 769 871a2r3

1 099 511 627 776
+

44 653ar4

13

)

+A1r
(

84a5 + 888a4r + 3170a3r2 +
54 490a2r3

11
+ 3570ar4 +

10 710r5

11

)

, (A8)
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ψ2(r) = A2r
2
(

225a5 + 1845a4r +
63 210a3r2

11
+

8 714 360 094 912 483a2r3

1 099 511 627 776
+

55 755ar4

11
+

16 065r5

13

)

+A3r
3
(

1344a5 +
18 550a4r

11
+

2 838 585 333 862 543a3r2

549 755 813 888
+

78 624a2r3

11
+

59 934ar4

13

)

+A1r
(

252a5 + 2124a4r + 6732a3r2 +
5 016 771 690 734 313a2r3

549 755 813 888
+

63 000ar4

11
+

15 120r5

11

)

,

(A9)

v2
r = −

[

{

B
(

70a5 + 994a4r + 3708a3r2 +
16 780a2r3

3
+

11 770ar4

3
+ 1050r5

)

+A2r
2
(45a5

2
+

185a4r

2
+

1145a3r2

11
+

315a2r3

13
− 7245ar4

286
− 315r5

26

)

−A1r
(

− 21a5 − 57a4r + 20a3r2 +
1360a2r3

3
+ 105ar4 +

315r5

11

)

+A3r
3
(70a5

3
+

3710a4r

33
+

2310a3r2

13
+

17 206a2r3

143
+

392ar4

13

)}

(35(a+ r)4(a+ 3r)2)−1

+
{

2B
(

70a5 + 994a4r + 3708a3r2 +
16 780a2r3

3
+

11 770ar4

3
+ 1050r5

)

+ 2A2r
2
(45a5

2
+

185a4r

2
+

1145a3r2

11
+

315a2r3

13
− 7245ar4

286
− 315r5

26

)

− 2A1r
(

− 21a5 − 57a4r + 20a3r2 +
1360a2r3

3
+ 105ar4 +

315r5

11

)

+ 2A3r
3
(70a5

3
+

3710a4r

33
+

2310a3r2

13
+

17 206a2r3

143
+

392ar4

13

)}

(35(a+ r)
3
(a+ 3r)

3
)−1

−
{

B
(

994a4 + 7416a3r + 16 780a2r2 +
47 080ar3

3
+ 5250r4

)

−A1

(

− 21a5 − 57a4r + 20a3r2 +
1360a2r3

3
+ 105ar4 +

315r5

11

)

+A3r
3
(3710a4

33
+

4620a3r

13
+

51 618a2r2

143
+

1568ar3

13

)

+A2r
2
(185a4

2
+

2290a3r

11
+

945a2r2

13
− 14 490ar3

143
− 1575r4

26

)

+ 2A2r
(45a5

2
+

185a4r

2
+

1145a3r2

11
+

315a2r3

13
− 7245ar4

286
− 315r5

26

)

−A1r
(

− 57a4 + 40a3r + 1360a2r2 + 420ar3 +
1575r4

11

)

+ 3A3r
2
(70a5

3
+

3710a4r

33
+

2310a3r2

13
+

17 206a2r3

143
+

392ar4

13

)}

(105(a+ r)3(a+ 3r)2)−1

− 6C(140a4 + 434a3r + 318a2r2 + 150ar3 + 30r4)

35(a+ r)3(a+ 3r)3

− 3C(140a4 + 434a3r + 318a2r2 + 150ar3 + 30r4)

35(a+ r)
4
(a+ 3r)

2 +
C(434a3 + 636a2r + 450ar2 + 120r3)

35(a+ r)
3
(a+ 3r)

2

]

/[

{{

B(210a5 + 798a4r + 1476a3r2 + 2540a2r3 + 2090ar4 + 630r5)

− 3A2r
2
(45a5

2
+

185a4r

2
+

1145a3r2

11
+

315a2r3

13
− 7245ar4

286
− 315r5

26

)

+ 3A1r
(

− 21a5 − 57a4r + 20a3r2 +
1360a2r3

3
+ 105ar4 +

315r5

11

)

− 3A3r
3
(70a5

3
+

3710a4r

33
+

2310a3r2

13
+

17 206a2r3

143
+

392ar4

13

)}

(35(a+ r)4(a+ 3r)2)−1

+
{

2B(210a5 + 798a4r + 1476a3r2 + 2540a2r3 + 2090ar4 + 630r5)



582 Communications in Theoretical Physics Vol. 65

− 6A2r
2
(45a5

2
+

185a4r

2
+

1145a3r2

11
+

315a2r3

13
− 7245ar4

286
− 315r5

26

)

+ 6A1r
(

− 21a5 − 57a4r + 20a3r2 +
1360a2r3

3
+ 105ar4 +

315r5

11

)

− 6A3r
3
(70a5

3
+

3710a4r

33
+

2310a3r2

13
+

17 206a2r3

143
+

392ar4

13

)}

(35(a+ r)
3
(a+ 3r)

3
)−1

+
{

3A3r
3
(3710a4

33
+

4620a3r

13
+

51 618a2r2

143
+

1568ar3

13

)

−B(798a4 + 2952a3r + 7620a2r2 + 8360ar3 + 3150r4)

− 3A1

(

− 21a5 − 57a4r + 20a3r2 +
1360a2r3

3
+ 105ar4 +

315r5

11

)

+ 3A2r
2
(185a4

2
+

2290a3r

11
+

945a2r2

13
− 14 490ar3

143
− 1575r4

26

)

+ 6A2r
(45a5

2
+

185a4r

2
+

1145a3r2

11
+

315a2r3

13
− 7245ar4

286
− 315r5

26

)

− 3A1r
(

− 57a4 + 40a3r + 1360a2r2 + 420ar3 +
1575r4

11

)

+ 9A3r
2
(70a5

3
+

3710a4r

33
+

2310a3r2

13
+

17 206a2r3

143
+

392ar4

13

)}

(105(a+ r)
3
(a+ 3r)

2
)−1

+
18C(140a4 + 434a3r + 318a2r2 + 150ar3 + 30r4)

35(a+ r)
3
(a+ 3r)

3

+
9C(140a4 + 434a3r + 318a2r2 + 150ar3 + 30r4)

35(a+ r)
4
(a+ 3r)

2

− 3C(434a3 + 636a2r + 450ar2 + 120r3)

35(a+ r)
3
(a+ 3r)

2

}

]

, (A10)

v2
t =

[

{

A2r
2
(165a5

2
+

1705a4r

2
+

33 505a3r2

11
+

62 474a2r3

13
+

24 885r5

26

+
7 675 321 606 664 163ar4

2 199 023 255 552

)

−B
(

70a5 + 994a4r + 3708a3r2 +
16 780a2r3

3

+
11 770ar4

3
+ 1050r5

)

+A3r
3
(3080a5

3
+

27 475a4r

33
+

38 640a3r2

13

+
5 178 346 077 769 871a2r3

1 099 511 627 776
+

44 653ar4

13

)

+A1r
(

84a5 + 888a4r + 3170a3r2

+
54 490a2r3

11
+ 3570ar4 +

10 710r5

11

)}

(35(a+ r)
4
(a+ 3r)

2
)−1

+
{

2A2r
2
(165a5

2
+

1705a4r

2
+

33 505a3r2

11

+
62 474a2r3

13
+

767 532 1606 664 163ar4

2 199 023 255 552
+

24 885r5

26

)

− 2B
(

70a5 + 994a4r

+ 3708a3r2 +
16 780a2r3

3
+

11 770ar4

3
+ 1050r5

)

+ 2A3r
3
(3080a5

3

+
27 475a4r

33
+

38 640a3r2

13
+

5 178 346 077 769 871a2r3

1 099 511 627 776
+

44 653ar4

13

)

+ 2A1r
(

84a5 + 888a4r + 3170a3r2 +
54 490a2r3

11
+ 3570ar4 +

10 710r5

11

)}

(35(a+ r)3(a+ 3r)3)−1

−
{

A1

(

84a5 + 888a4r + 3170a3r2 +
54 490a2r3

11
+ 3570ar4 +

10 710r5

11

)

−B
(

994a4 + 7416a3r + 16 780a2r2 +
47 080ar3

3
+ 5250r4

)

+A3r
3
(27 475a4

33
+

77 280a3r

13
+

3 883 759 558 327 403a2r2

274 877 906 944
+

178 612ar3

13

)



No. 5 Communications in Theoretical Physics 583

+A2r
2
(1705a4

2
+

67 010a3r

11
+

187 422a2r2

13
+

7 675 321 606 664 163ar3

549 755 813 888
+

124 425r4

26

)

+ 3A3r
2
(3080a5

3
+

27475a4r

33
+

38 640a3r2

13
+

5178346 077 769 871a2r3

1 099 511 627 776
+

44 653ar4

13

)

+A1r
(

888a4 + 6340a3r +
163 470a2r2

11
+ 14 280ar3 +

53 550r4

11

)

+ 2A2r
(165a5

2
+

1705a4r

2
+

33 505a3r2

11
+

62 474a2r3

13

+
7 675 321 606 664 163ar4

2 199 023 255 552
+

24 885r5

26

)}

(105(a+ r)
3
(a+ 3r)

2
)−1

+
6C(140a4 + 434a3r + 318a2r2 + 150ar3 + 30r4)

35(a+ r)
3
(a+ 3r)

3

+
3C(140a4 + 434a3r + 318a2r2 + 150ar3 + 30r4)

35(a+ r)
4
(a+ 3r)

2 − C(434a3 + 636a2r + 450ar2 + 120r3)

35(a+ r)
3
(a+ 3r)

2

]

/[

{

B(210a5 + 798a4r + 1476a3r2 + 2540a2r3 + 2090ar4 + 630r5)

− 3A2r
2
(45a5

2
+

185a4r

2
+

1145a3r2

11
+

315a2r3

13
− 7245ar4

286
− 315r5

26

)

+ 3A1r
(

− 21a5 − 57a4r + 20a3r2 +
1360a2r3

3
+ 105ar4 +

315r5

11

)

− 3A3r
3
(70a5

3
+

3710a4r

33
+

2310a3r2

13
+

17 206a2r3

143
+

392ar4

13

)}

(35(a+ r)
4
(a+ 3r)

2
)−1

+
{

2B(210a5 + 798a4r + 1476a3r2 + 2540a2r3 + 2090ar4 + 630r5)

− 6A2r
2
(45a5

2
+

185a4r

2
+

1145a3r2

11
+

315a2r3

13
− 7245ar4

286
− 315r5

26

)

+ 6A1r
(

− 21a5 − 57a4r + 20a3r2 +
1360a2r3

3
+ 105ar4 +

315r5

11

)

− 6A3r
3
(70a5

3
+

3710a4r

33
+

2310a3r2

13
+

17 206a2r3

143
+

392ar4

13

)}

(35(a+ r)
3
(a+ 3r)

3
)−1

+
{

3A3r
3
(3710a4

33
+

4620a3r

13
+

51 618a2r2

143
+

1568ar3

13

)

−B(798a4 + 2952a3r + 7620a2r2 + 8360ar3 + 3150r4
)

− 3A1

(

− 21a5 − 57a4r + 20a3r2 +
1360a2r3

3
+ 105ar4 +

315r5

11

)

+ 3A2r
2
(185a4

2
+

2290a3r

11
+

945a2r2

13
− 14 490ar3

143
− 1575r4

26

)

+ 6A2r
(45a5

2
+

185a4r

2
+

1145a3r2

11
+

315a2r3

13
− 7245ar4

286
− 315r5

26

)

− 3A1r
(

− 57a4 + 40a3r + 1360a2r2 + 420ar3 +
1575r4

11

)

+ 9A3r
2
(70a5

3
+

3710a4r

33
+

2310a3r2

13
+

17 206a2r3

143
+

392ar4

13

)}

(105(a+ r)
3
(a+ 3r)

2
)−1

+
18C(140a4 + 434a3r + 318a2r2 + 150ar3 + 30r4)

35(a+ r)
3
(a+ 3r)

3

+
9C(140a4 + 434a3r + 318a2r2 + 150ar3 + 30r4)

35(a+ r)
4
(a+ 3r)

2

− 3C(434a3 + 636a2r + 450ar2 + 120r3)

35(a+ r)
3
(a+ 3r)

2

]

. (A11)
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