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Abstract— In this paper, we study a methodology for numerical simulation of sea urchin shapes in biological 
organism’s development particularly at the blastula phase, consisting of a hollow, two-layered sac of ectoderm and 
endoderm surrounding an archenteron that communicates with the exterior through the blastopore with the help 
of newly developed “PDE Methods”. The geometric modeling of the sea urchin shapes are under taken by means of 
surfaces generated as Partial Differential Equations (PDEs). We merge PDE based geometric modeling technique 
with numerical optimization in order to study the stable shapes adopted by the sea urchin during its blastula 
phase. Thus, by using the PDE method we produce a generic model which is then capably parameterized. Using 
this parameterization to set up a numerical optimization process which enables us to predict a series of sea urchin 
shapes at the early stage   subject to given surface area and volume at that time. 

 
Key Words:- Tissues, Sea urchins, Morphogenetic, Optimization, Partial Differential Equations, Surface 
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1. INTRODUCTION  

  
Today, morphogenesis becomes commonly used term not only in biology but in the field of evolutionary 

computations also. Morphogenesis is one of the major outstanding problems in the biological sciences. It 
concerns the fundamental question of how organic form and structure are generated. Morphogenesis 
encompasses a broad scope of biological processes. It concerns adult as well as embryonic tissues, and 
includes an understanding of the maintenance, degeneration, and regeneration of tissues and organs as well as 
their formation. Morphogenesis also addresses the problem of biological form at many levels, from the 
structure of individual cells, through the formation of multi cellular arrays and tissues, to the higher order 
assembly of tissues into organs and whole organisms. While related to the field of developmental biology with 
its traditional emphasis on the control of gene expression and the acquisition of cell fates, morphogenesis 
investigates how this regulation of cell fates contributes to the form and structure of the organism and its 
component parts.  

 When an egg fertilizes, it divides rapidly into a mass of undifferentiated cells that eventually, in 
vertebrates, form a hollow, one cell thick, fluid-filled ball of cells called a blastula. There's a kind of hole or 
opening in the blastula called a blastopore, and the cells of the blastula begin to expand and burrow in through 
the blastopore, giving rise to a ball that is two cells thick. This movement (of cells) is  known as gastrulating, 
and the resulting thickened embryo is called a gastrula. The two layers of the gastrula are called the ectoderm 
and the endoderm ("outside skin and inside skin"), and eventually a third layer forms between them, called a 
mesoderm ("middle skin"). This is the first stage of the sea urchin when the cells have become recognisable, 
and these three layers are destined to give rise to different parts of the mature animal. The ectoderm will 
eventually give rise to the skin and nervous system. The mesoderm gives rise to muscle, blood, and bone and 
the endoderm gives rise to the gut and internal organs of the animal [13].  

 As we know Genes regulating complex integrated functions, such as the programming of early 
development, often encode proteins with multiple conserved domains (such as HOX genes, Zinc-Finger and 
leucine-Zipper genes) [9]. The expression of genetic information in terms of pattern and form is a central 
problem, not only for Biology, but for Artificial Life also. The translation of genetic information into shapes 
and patterns is what links genetics to morphology - genotype to phenotype and must have crucial 
consequences for a variety of central issues from evolution to learning.  

 Although a large literature exists for equations which specify fields of values in the plane with specified 
boundary values, or sphere, very little literature exists for the case where the "morphogen field" interacts with 
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the surface to change its shape, and the field in turn is itself changed because of the changed surface [15, 16]. 
Change of shape could of course involve aspects of mechanical forces which are important as the 
chemical-kinetics aspects, and equally deserving of inclusion in the differential equations. However, in the 
pattern-form interplay models we explore the possibility that the secondary role of mechanics could be 
represented algorithmically [15, 16].  Certainly, the model present in this paper of morphogenesis is capable at 
best of providing only an insight into such a complex process, and only on the highest scale, that of the cell 
collective. 

  As we know all Turing-like models require two diffusing substances as a minimum, one “X” 
comparatively slow-diffusing one and a second “Y” that is much faster [17]. All 2-morphogen models require 
X-autocatalysis and cross-inhibition via a second species, Y. The Y can be inhibited or depleted by X 
formation but activates the latter, as in the Brusselator. While symmetry in 4-morphogen systems (one pair of 
Xs and Ys each, as in the case of dual Brusselator) belong to models with general attributes of mutually 
exclusive states for production of each of two self-activating morphogenesis that are cross-activating via two 
further, faster diffusing morphogenesis [10]. 

 According to “Harrison, Kolar” [15, 16]  the Brusselator as a system that has been extensively studied in 
relation to chemical pattern formation as well as dual Brusselator as system with perfect interpretation in 
molecular biology terms [19]. Assuming the morphogens involved in gradient formation are primary gene 
products and not metabolites, the main steps in the reaction scheme leading to X and Y formation must 
represent some combination of gene transcription processes. This, in itself, implies considerable complexity 
and regulatory control. The model specifically requires there be multiple inputs, including some type of the 
gene self-activation by products [19]. 

In this study we consider the application of above ideas on the modelling of specific morphogenetic 
processes such as gastrulation of an object. Initially the model describes geometry of a spherical layer. The 
program considers each of about 51 Xs cells and 51 Ys cells as CELL-object with known space co-ordinates 
of Xs and Ys. LIST of all CELL-objects is used for generation of new object "GASTRULA".  Each cell 
produces and exchanges the morphogens Xs and Ys in conformity with dual Brusselator model. 

 
1.2 THE PARTIAL DIFFERENTIAL EQUATION (PDE) BASED   MODELING 

 

Computer Aided Design and Manufacturing area is one of the fastest growing areas in every field today. 
CAD/CAM systems have become basic systems that can help the designer to design a product by using the 
speed and efficiency of a computer. At the same time significant technological advances have been occurring 
in the areas of computer-aided design and in computer aided manufacturing. 

 In this research we applied a method for modeling which was first time used by Bloor and Wilson [20] is 
called the partial differential equation (PDE) based modeling approach. The PDE method is especially 
suitable for satisfying surface boundary constraints. Is is also effective for the generation of families of 
free-form surfaces, which share a common base and differ in their secondary features. We used the PDE 
modeling approach to simulate the sea urchin’s morphogenesis because it has the following advantages on 
other methods. 

1) PDE surfaces are controlled by physical laws, so it is natural and close to the real world. They can 
potentially integrate geometric attributes with functional constraints for surface modeling, designing, and 
analysis. 

2) The formulation of differential equations is well conditioned and technically sounds. Therefore, Smooth 
surfaces (with high-order continuity requirements) easily define through PDEs. 

3) Users can easily understand the underlying physical process associated with PDE’s; therefore, 
high-level intuitive and natural control is possible through the modification of physical parameters.  

4)  PDE surfaces may potentially unify both geometric and physical aspects [18]. They are invaluable 
throughout the entire modeling, design, analysis, and manufacturing tasks. Various heterogeneous 
requirements can be enforced and satisfied simultaneously. 

5)  PDE-based techniques are able to create free-form surfaces as fast and almost as accurately as the 
closed-form (analytical) solutions. Because it has sufficient degrees of freedom to accommodate the 
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continuity of 3-sided and 4-sided surface patches at their boundaries, hence this method is able to generate the 
model of complex surfaces (consisting of multiple patches).  

Our aim in this paper is to show how Partial Differential Equation (PDE) based geometric modeling 
combined with numerical optimization can be utilized to study the numerical simulation of sea urchin shapes 
in biological organism’s development. 

2. FORTH ORDER ELLIPTIC PDE METHOD  

 In the 4rth order “PDE Method” [1, 2, 3, 4] we have parametric surface ( )vuX , , defined as a function of 

two parameters u  and v  on a finite domain WÌX .  

     To illustrate the method we used biharmonic equation 04 =YD  in the following fourth order elliptic 
PDE form, 

        ( ) 0,
2

2

2
2

2

2

=÷÷
ø

ö
çç
è

æ
¶
¶

+
¶
¶

vuX
v

a
u

,                (1)                                                                 

    Where “ a ” is known as the smoothing parameter. [1, 6]  

The solution of equation (1) over the finite domain {W : 10 ££ u   p20 ££ v } is written as 

( ) ( ) ( ){ }å
¥

=

++=
1

0 )sin()()cos(,
n

nn nvuBnvuAuAvuX
           (2)  

Where: 

     
,3

03
2

0201000 uauauaaA +++=
                         (2.1)                                                             

     
anu

n
anu

n
anu

n
anu

nn ueaeaueaeauA -- +++= 4321)(
                                     (2.2) 

     
anu

n
anu

n
anu

n
anu

nn uebebuebebuB -- +++= 4321)(
                                      (2.3) 

Where 321432103020100 ,,,,,,,,,, nnnnnnn bbbaaaaaaaa and 4nb  are vector valued constants, 

determine boundary imposed on the isoperimetric lines 0=u  and 1=u . These conditions are described as 
follows, 

 

),(),0( 1 vcvX =                                            (2.4)                                                                                                

),(),1( 2 vcvX =                                            (2.5)                                                                                                 

),(),0( 1 vdvX u =                                         (2.6)                                                                                               

),(),1( 2 vdvX u =                                         (2.7)     

Figure 1 shows sample PDE surfaces generated by varying the Fourier modes associated with the 
boundary conditions. 
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FIGURE 1 SOME SURFACES CONSTRUCTED BY 4RTH ORDER PDE METHOD 

 

3.  SIXTH- ORDER PDE METHOD  

In this paper, we used elliptic partial differential equations, in particular equations based on the Laplace 
equation. This PDE Method provides enough degrees of freedom not only to handle easily spontaneous 
tangent, but also curvature boundary conditions and offers more shape control parameters to serve as user 
controls for the manipulation of surface shapes. In order to achieve real-time performance, we have 
constructed a surface function and developed a high-precision approximate solution to the sixth order 
PDE.   

Mathematically, the surface is given by a function ),( vuX such that, 

)),,(),,(),,((),( vuzvuyvuxvuX =        (3) 

Where u  and v  are parameters for a finite two-dimensional regionW , which map onto a point in 
physical space. The sixth order PDE is 
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For each of the Cartesian coordinates yx,  and z [5, 11, 14]. The “smoothing parameter” a  controls the 
relative smoothing of the dependent variables between u  and v  direction Altering a changes the length 
scale over which the boundary conditions influence the interior of the surface.  

Taking parameter space W  to be the region { }p20;10:, ££££ vuvu and a solution that is 
periodic in v (The solution can be obtained analytically). Equation (4) is elliptic and is solved subject to the 
following boundary conditions, 
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For the following solution, all the given boundary conditions required to be continuous, and closed in the 
sense that )2()0( 00 pff = . 

Assuming the solution of Eq. (4) we are looking for is subject to periodic boundary conditions, the method 
of separation of variables can be utilized to write the down the solution as,` 

(4.1) 

(4.2) 
(4.3) 

(4.4) 
(4.5) 

(4.6) 
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Where the coefficient functions )(uAn and )(uBn are of the form, 
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Using Fourier analysis, the boundary condition )(),(),(),(),( 01010 vhvgvgvfvf and )(1 vh  can be 

written in the form, 
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The vector constant of the general solution nia
 and nib

are calculated from the vector constant nic
 and 

nid
of the Fourier terms in the boundary conditions, where 5,4,3,2,1,0=i . 

Figure 2 shows sample PDE surfaces generated by varying the Fourier modes associated with the 
boundary conditions. It is notice that a wide variety of surface shapes can be generated by varying the Fourier 
modes associated with the boundary conditions. Thus, in this work we use the Fourier modes associated with 
boundary conditions as a basis of parameterzing the shape of the surface. 
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FIGURE  2  SAMPLE PDE SURFACES GENERATED BY VARYING THE FOURIER MODES ASSOCIATED WITH THE BOUNDARY CONDITIONS 

 

4. SIMULATION OF BLASTULA PHASE OF A SEA URCHIN 

 

Computer model of tissue’s morphogenesis during structural development, presented in this paper is 
simulating an organism in early stages of development. The characteristic feature of the model is feedback 
loops between the processes in regulatory gene network, biochemical pattern formation and tissue’s 
morphogenesis changes. In the model, formation of biochemical/physiological gradient causes subsequent 
morphogenetic movements. Therefore, the geometrical transformation of the model disturbs its biochemical 
patterns and a new pattern appears. In addition, continue this procedure a new pattern cause further 
morphogenetic movements. Lastly, it achieves the equilibrium between the geometry of the model and the 
distribution of morphogenesis. Moreover, we examine the different stages of elastic bending energy, with 
prescribed volume and surface area. To minimize the elastic bending energy we use 
(Broydon-Fletcher-Goldfarb-Shanno) in brief BFGS [23] 

“Optimization Algorithm” BFGS is more efficient because BFGS algorithm calculates a gradient-based 
search direction followed by a line search along that direction through function evaluations. The function 
evaluations for gradient calculations are inherently parallelizable, since no data dependencies are involved 
[12]. 

  In this paper, we discuss the different stages of morphogenesis during structural development of a 
tissue, under the elastic bending energy with prescribed volume and surface area. For this, we use the 
following bending energy [7, 8] 

         òG= ,2
2 dsHE k

elastic       (6) 

 Where 2
)( 21 kkH += a mean curvature of the membrane while 1k  and 2k are the principle curvatures 

which are the Weingarten matrix of the surface [7, 8]. The parameter k  is the bending rigidity ( k can depend 
on the local heterogeneous concentration of the species). The bending energy in (6) is a special case of a 
general form obtain the Hooke’s Law [16] 

    òG +-+= ,))(( 2
0 dsnGkHmlE                     (7) 

Where l , m , n and 0k  is the surface tension,  bending rigidity, stretching rigidity and spontaneous 

curvature respectively that describe the asymmetry effect of the sea urchin shape . G  is the Gaussian 
curvature. Because in our model the first term l can be neglected as it remains constant in morphogenesis 
during structural development with a given surface area for a smooth compact surface with a constant n , the 
last term is related to the Euler index that represents the topological structure of the tissue [7, 21]. For 
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simplicity, here we choose to consider only the energy given in (6) and the case where the bending rigidity k is 
a constant. If nl == 0 and 1=m  in (7) the bending energy can be simplified as  

   òG -= ,)( 2
0 dskHE                            (8)    

In equation (8), the only effect of the spontaneous curvature retained and the bending rigidity assumed to 
become a constant. The problem considered in this paper is to study tissue’s morphogenesis during structural 
development phases to minimizing the bending energy (8) with constraints on the cell volume and surface 
area. Hence assume a domain Y in 3Â , and a smooth compact surface YÌG which is the candidate 
surface for minimizes the bending energy (6). So from [7] bending energy define as 
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Where,e  is a transition parameter, )
2
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e
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x = where )(xd  is the signed distance between 

point x  and G (if x  is inside the surface then )(xd  is positive otherwise is negative) and 02kK = . 

To solve for the minimization of energy we use the “BFGS Method” in the objective function  

( ) ( ) 22 AVEF ++= ff                  (10) 

Where V and A are the difference of cell volume and area with their target cell volume and surface area 
respectively. 

 5. Results 
 

The approach to predicting the stable shapes of sea urchins is to utilize the 6th order PDE method for 
surface parameterization which is coupled with a design optimization algorithm. The parameterization is 
achieved through the Fourier series representing the boundary conditions of the chosen PDE. The 
optimization is performed by solving a constrained optimization problem using an augmented Lagrange 
multiplier method [22] along with the Broyden-Fletcher-Goldfarb-Shanno (BFGS) method [23] whereby the 
objective function is taken to be that given in Equation (10).  

With the above formulation, the optimization is started at some initially chosen point in the parameter space 
within the Fourier domain. The routine allows detecting the local minimum of the surface energy for a given 
value of the spontaneous curvature, sea urchin volume and surface area. To achieve this a starting value of 
spontaneous curvature, sea urchin volume, surfaces area and a starting set of values of Fourier modes for the 
design parameters of the PDE are chosen. The optimisation procedure then enables to locate a stationary state 
for the energy of the sea urchin. Hence for a given value of spontaneous curvature, once this initial stationary 
state is found the optimization is repeated by incrementing the volume until further stationary states are 
found. 

 
FIGURE  3 SAMPLE STATIONARY SEA URCHIN’S MODEL USING FOR NUMERICAL SIMULATIONS OF MORPHOGENESIS 
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Figure K  v a 

3 0.01 0.55 11.39 

TABLE 1. VALUES OF SPONTANEOUS CURVATURE, SEA URCHIN VOLUME AND SURFACE 

AREA FOR THE STATIONARY SHAPES SHOWN IN FIGURE 3.  
 

Figure 3 shows sample stationary sea urchin’s model obtained for a given value of spontaneous curvature, 
sea urchin volume and surface area. The parameter values taken for this simulation is shown in Table 1.  

Note all the sea urchin shapes obtained in the simulations we have agreed to be verifiable. Interested reader 
is for example referred to [23]. For some basic knowledge reader can concern 
http://worms.zoology.wisc.edu/dd2   

 

 

 

 

 

 

FIGURE  4  DIFFERENT STAGES DURING  DEVELOPMENT OF  BLASTULA PHASE OF A SEA URCHIN SHAPES FOR SPONTANEOUS CURVATURE 

OF 5.5  
 

Figure E v a 

4(A) 1.98 0.55 12.07 

4(B) 2.07 0.69 12.39 

4(C) 2.43 0.89 12.89 

4(D) 2.91 0.97 13.08 

4(E) 3.67 1.09 13.73 

 

TABLE 2. VALUES OF SEA URCHIN VOLUME, SURFACE AREA AND BENDING ENERGY DURING BLASTULA PHASE SHOWN IN FIGURE 4.  
 

Figure 4 shows some sample models obtained during development of blastula phase of a sea urchin with a 
given spontaneous curvature value. Here the spontaneous curvature value is taken to be 5.5. 

 Table 2 shows the various parameter values arrived during this simulation. 

5. CONCLUSION 

This paper has been concerned with the efficient shape parameterization of Blastulosphere in order to 
simulate their stable structures. This paper also investigates the possible use of “Partial Differential Equation 
Method” for representation geometry of biological shapes, morphological process and analysis and 
optimization. Surface design using PDE is a boundary value problem therefore these boundaries determine the 
shape of the surface. One attractive advantage of this method is its capability to generate smooth surfaces, to 
keep up continuity between the adjacent surface patches and the ability to control the shape globally with the 
design parameters besides being highly intuitive for the user in the design process. Our future work will 
include extending the shape parameterization methodology in order to furnish for complex geometry 
involving arbitrary topology changes.  

 
       A              B              C       D   E 
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