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parison between generalized and ordinary fluids is graphically underlined.
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1. Introduction stress-relaxation, creep and usual stress differences is the most
successful model for relating the response of many dilute poly-
Non-Newtonian fluids play a paramount role in a large num- meric liquids. It contains, as special cases the Maxwell and vis-

ber of industries and the branches of knowledge concerned cous fluid models. The motion of a fluid in the neighborhood
with the applied sciences. Among the numerous models that of a moving body is of great interest for industry. The flow
have been used to portray the behavior of non-Newtonian flu- between cylinders or through a rotating cylinder has applica-
ids, the Oldroyd-B model seems to be agreeable to examine tions in the food industry and being one of the most important

and more prominently experiment. This model can describe and interesting problems of motion near rotating bodies. The
velocity distribution for different motions of Newtonian fluids

T .. through a circular cylinder is given in [1]. Accurate solutions
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Waters and King [4] for second grade, Maxwell and
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papers concerning such motions of non-Newtonian fluids have
been published. Among them, we here recall only a small num-
ber of those regarding Oldroyd-B fluids [5-19].

Though, all above-mentioned papers incorporate motion
problems in which the velocity is given on the boundary.
Although in some realistic problems what is specified is the
shear stress [20,21], more precisely the force with which the
cylinder is moved. To restate, in Newtonian mechanics force
is the reason and kinematics is the effect (see Rajagopal [23]
for a comprehensive discussion on the same). Therefore, the
boundary condition on stresses is significant, and Renardy
[22] illustrated how well-posed boundary value problems can
be formulated in this way. In the last time numerous solutions
for such motions of rate type fluids have been recognized (see
[24-29] and the references therein), but all these problems
respond to differential expressions of the stress on the bound-
ary. This is due to their governing equations that, unlike those
corresponding to Newtonian and second grade fluids, contain
differential expressions acting on the non-trivial shear stresses.

With these motivations, the aim of this article was to ana-
lyze the rotational flow of an Oldroyd-B fluid with fractional
derivatives induced by an infinite circular cylinder that applies
a constant couple to the fluid. These solutions are obtained by
means of integral transforms. The obtained solutions satisfy all
imposed initial and boundary conditions and expressed in
terms of Newtonian and non-Newtonian contributions that
can be reduced to the similar solutions corresponding to ordi-
nary Oldroyd-B [30], fractional Maxwell, ordinary Maxwell,
fractional/ordinary second-grade and Newtonian fluids.

2. Mathematical formulation of the problem

The Cauchy-stress tensor T corresponding to an incompress-
ible Oldroyd-B fluid is related to the fluid motion by the
relations

T=-pI+S, S+i(S-LS-SL’)
= u[A+ (A -LA - AL")], (1)

where —pl denotes the indeterminate spherical stress due the
constraint of incompressibility, S is the extra-stress tensor, L
is the velocity gradient, A =L+ L7 is the first Rivlin-
Ericksen tensor, u is the dynamic viscosity, A and A, are the
relaxation and retardation times respectively. The superscript
T indicates the transpose operation and the superposed dot
denotes the material time derivative. The model characterized
by the constitutive Eq. (1) contains as special cases the upper
convected Maxwell model for /4, = 0 and the Newtonian fluid
model for 1 = 4, = 0. In some special cases like that to be here
considered, the governing equations for Oldroyd-B fluids
resemble to those for second-grade fluids.

Let us assume that an incompressible Oldroyd-B fluid is at
rest in an infinite circular cylinder of radius R. At time t = 0",
the cylinder begins to turn about its axis due to constant tor-
que per unit length 27 Rf. Owing to the shear, the fluid is grad-
ually moved and we are looking for a velocity field of the form

V = w(r,0)ey, (2)

where ey is the unit vector in the 0-direction of the system of
Cylindrical coordinates.

For such a flow, the constraint of incompressibility is iden-
tically satisfied. We also assume that the extra-stress tensor S,
as well as the velocity V is a function of time and radius only.
If the fluid is at rest up to the moment ¢ = 0, then

V(r,0) =0, S(r,0) =0, (3)

and the constitutive Eq. (1) implies S,, = S,. = Sp. = S.. =0
and the meaningful partial differential equation

(1+28)sm =u(1+ a2 (5 - Dot @)

where t(r,t) = S,o(r,?) is the non-trivial stress. Neglecting
body forces, the balance of linear momentum leads to the rel-
evant equation due to rotation symmetry

i (AN X

r

o

where p is the constant density of the fluid.

Usually in the literature, the governing equation for the
velocity is obtained by eliminating t(r,#) between Egs. (4)
and (5). Since our interest here is to solve a motion problem
with shear stress on the boundary, we follow the pattern and
eliminate w(r, ) in order to get the governing equation

P d (9‘[(1‘, l) _ B 0 82 10 4 )
(1+i E) o 7v(1+A,4E m'ﬁ"—a—r—z (r, 1),
(6)
for the shear stress 7(r, 7). Here v = L is the kinematic viscosity

of the fluid.
Its corresponding fractional model is

ot(r,t) B np * 10 4
T—¥(1+},Dt) W—’_;E_r_z r(nl),

(14 2°D7)

(7)
where
{Dj(z) = ﬁ Jo =" ()dr, m— 1 <a<m, meN

DIy =S5, m=1.2,...

(8)
is the Caputo fractional derivative operator [31-33].
The appropriate initial and boundary conditions are:
ot(r,t
or0) =2 o e, (9)
ot =0
(R, 1) = fH(1), t>0. (10)

3. Solution of the problem

Applying the Laplace transform to Eq. (7) and keeping in
mind the initial conditions Eq. (9), we have

_ v(1+2¢h) [ 0
g =) (

10 4\_
=+ rg w*m*rﬂ’“% (an

and the equation Eq. (10) becomes

(R, q) = ‘g 7
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where T(R, q) and 7(r, g) are the Laplace transform of the func-
tion t(R,?) and t(r,) respectively. Multiplying Eq. (11) by
rJy(rr,) where r, are the positive roots of J,(Rr) = 0, integrat-
ing the result from 0 to R and use the identities

/0 rJy(rry) (8——0—’1 gr :2)?(1', q)dr
= _anle(an) (R q) (r,,,q) (12)

R _ v(l—l—/lfq/’)
| ety =2
R & 18 4\_
></0 rJz(zrn)(W—F;E—r—z)r(r,q)di.

(13)
Taking Hankel transform [34, Section 14, Eq. (59)], and
using Eq. (12)
vfRr, (l + A’fqﬁ)J'z(Rr,,)
qlg+ 2 +v(1+2qh]

TH(l'nvq):_ (]4)

In order to inverting Eq. (14), it can be written in suitable
form

111 1 g Bl e
Tu(rn,q) =—|—— — b d + |2 Sy a
2lqg g+ g+l |g+vr? q+vr?

vi2
oo 00 —1 P ! 2\ 7 . o=fthi-p fi=p-1
S ) (e ) s
S =D\ 4 (g +27%) (g +27)

Applying the inverse Laplace and the Hankel transforms and
use the identity [34, the entry | of Table X],

=~ Jo(rry)
2 =-2Ry — .
! ;rn-ll(an)

Lengthy but straightforward computations show that

R Y
R2 R n=1

Jo(rry)
roJ1(Rry)

2
—vryt

w(r,t)

200~ alrm) )
= r, MGy op —vri,t
R E :l 7]] (an) r 1B 1-,1( vr, )

n=1

200 S () [ )
B ' T TN G — )
5 935 A FACHICARE

+20Gog i (vt T — s)]

ro 1
[ZE 'j' < ) )“fj (Gmfﬁ#//ffp-/wl (*?as>

pO/O

1
+L1Vl’,21G1!,'/},/},1=[,+1 <—?7Y>):| ds. (16)

The fractional model of Eq. (5),

p0jo(r.0) = (542 )l (17)

By introducing Eq. (16) into Eq. (17), we obtain

AJy(rra)
2f or —vrlt

o o
— 1)) (Rry)
0/2(’711)

R
2/ r
*72 =
Al
R

pDo(r.0) =220

Gip1a(—vry,0)

A ( H,,)

Gipoia(—vitt—
> e / a(-e =)

+),AG17/L ( VVW‘E )]

1)1[,1 ,2 ) :
X [ it W G pipppin 7t
p=0 j=0 J |
+avr,Gpp- lﬁ“( 7 ))}dv

W4 )
R IR~ r,J1(Rry,)

4fvzr Jz((lf;rn)) BGry (vt
4 n
+'§; "J) ((;errn))/o [Grpra (= =)
vr? r—s)]
W,Z [’«,B‘ 1

1
+avriGai,ﬁ,ﬂ,1‘p+1 (fﬁ7s>)}ds7 (18)

4fH() 2

pR>  pR

+;,’?G1 2o, l(—

or

Ji(rry)
roJy (RIy)

o2
>~ VIt

Droy(r,t) =

t
n=1

200~ Ji(rm) g
L p
pRZ ZV" TRy ¢

2fv Ji(rry)
Z Tn J] (RI",,)

-M G 25,11(—w T— s)}

nl

2 P 4 1
: l

1
+aVViG1J/;,/g,1’p+1 (—;—“,S>):|db'. (19)

Applying Laplace transform to Eq. (19) and use the initial
condition Eq. (3);, we get

4fH@) 1 of i (1)
pR* ' pR<r,Ji(Rry) q + vr2
)

21 & ) 1 (rr
‘p_RZ'"Jl( K q+vr2

4 Z_ﬁ) Z}" Jl (i‘rn) l:q/f—d—l + ),ﬁ qZﬁ_a_lil

WRRICaTAN)

G]/; ]1( W" ‘L'—S)

—ac

o(r,q) =

—o—1

pR = Ji(Rry) |q + vr? "qg+vr?
S ()
p=0 j=0 ']'

qafﬁﬂf/'fp q,;/,p,|
X — +avr,2, — | (20)
(g +27)" (q*+ 27
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Applying inverse Laplace transform to Eq. (20), we have

4rf * 2f Ji(rry)
pR2 Ta+1) pR “rJy (Rry)

2/" Ji(rr,
Z J] RI’ )

2 2

+£Zrnj](<Rr”>) / [Grpara (2,7 —5)

+)», Giop-s-1, (—W’,z,» T— 5)]

Gl,—au,l( VV Z)

nl

o(r 1) =

ﬁGIﬂ at1(— W‘ﬁ»l)

5 it (7) # (0o (<)
X VRN T) 7;1 A, G‘x‘x— iB—p, vl
,,;]:ZO (p _])']' 2 o—P+jB—p.p+1 2
1
+avriGos po1pi1 ( }a,s)ﬂds. (21)

4. Limiting cases

4.1. Case o = f — 1, solutions corresponding to ordinary
Oldroyd-B fluid

By letting o = f — 1 into Egs. (16) and (21), we obtain

PAH(1) 2N a(rra)

R R — 1y (Rry)

2fvz )
T =)

p=0j=0

— vr,z, t

‘503(”7 [) =

+/"LEG1‘L] (—W‘

Ar 1
+7W’2’G1’/"’+] (fz,s) ]afs7 (22)
4rft 2f
pR2 pPR4=

2f J n
pﬁ Z’" Jll((rr )) HOn )
)

2fv .
Z Jl Rz,, / [GL*I,](*‘)I'I"L’fS)

+2,G. 0, 1(—Vl’,21, T— S)]

ZZ It (W ) (Glaifmwl (—%75)

17010

Ar 1
+7vriG1N+1 (—I,s))}ds. (23)

As a check of our results we plot the graphs for Egs. (22) and
(23) to justify [30, Egs. (15) and (17)] (see Figs. 1 and 2).

Ji(rry)
———G,_ t
l,,Jl(Rr,,) -t v, )

wop(r, 1) = w

4.2. Case /lf — 0, B — 0, solutions corresponding to generalized
Maxwell fluid

By now letting i,’f — 0, f — 0Ointo Egs. (16) and (21), we have

PH Y

R R4
R ;2:

[fotrien

2 ’(W) (Gl,,p‘p+l (—/lla,s))}ds, (24)

4y _r
,oR2 F(oc—i— 1)

Ji(rry) 5 I
zrm (Rr,) {Gl”“( RCR A YERRY
, i
Ji(rry) / [G1,7171<1(*W’i7‘5*5ﬂ
0

* /20];‘; Zln Ji(Rry) -
x {fj(—l)” (%) G (—})]d (25)

J2 (l‘l‘n) e*\'rﬁr
— r,Ji (Rr,)

‘L'GM(I’7 f) =

COGM(}’, l) =

n=1
=0

200 T T

50  **+ a,f—>1GOB)
oma OB

100 .
=
&
&~
50 =
0 i
-350 | |
0 0.1 02 0
o4
Figure 1 Comparison of shear stress t(r,f) versus r with

A =0.15, 2=0.85, t =2 sec of Eq. (22) and [30, Eq. (15)].
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Figure 2 Comparison of velocity w(r, 7) versus r with 4, = 0.15,

). =0.85, t=2sec of Eq. (22) and [30, Eq. (17)].
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4.3. Case 2, — 0 or o — 1, solutions corresponding ordinary 2fH Jo(rry) o Uik
Maxwell fluid e (1 1) = Zrnjl Rr,) R ;rn
J 2fv J
We can find shear stress and velocity profile of Maxwell fluid Jz((Rz )) AGro(—vin, 1) + Zln Jz(( ))
by using 4, — 0 into Egs. (22) and (23), or by letting o — 1 R !
. 1
into Eqgs. (24) and (25), we have % / [Groa(—vi2, T —s) + PGy (—vit, T — 9)]
2fH Jy(rry) T 2jv -~
Tu(r,t) = Zrn-]l (Rr) Z nJ1 % [Z vr} GLMH( vr? .8)) | ds,
p=0
t
X / [Gro1(—vrn, T —5)] (30)
Jo
4rf t*
o w2\’ 1 ¢
X [Z(—l)p(T") (GLW,H (—z,s))]ds, (26) ws6(r, 1) = Ta+1)
=0 ’
pzlfz r“]}((r;;,)) Gl y=1(7V1'1,l‘)
drft 2 S Ji(rr e I
oulr0) = EZ%GHJ(‘W n-t 2o s Ai(m)
P n=1 'nt1 n — b_RZrn 7 (R; ) )erl,O.l( VV”, t)
va = Ji (l‘rn) ! 2 - ] !
+pR ;Vn Ty (Rr) X /0 (G111 (=vry, 1 —5)] +@Z " Ji(rry)
pR<=""J\(Rr,)
X i(—l)” Al G . ds.  (27) !
P /L Lj—p.p+1 )Js §- X / [Gl‘o_l(—vri,r _S) +/1,»G1>|71(—Vl'57’f —3)}
0
00 o 5D
4.4. Case 2 — 0, o — 0, solutions corresponding generalized x |:p20( D (W"/Lr) (GI’”"M( W"’S)) ds.
second grade fluid (31)

Putting limit 2* — 0 into Egs. (16) and (21), we have shear
stress and velocity profile of generalized second grade fluid

szl‘[([) 2f - Jz(”’n) eiw%l

R R <= r,J\(Rry)

2 J
jvz ny 2 o )(;Gl_/;_l,l(—vrﬁ?t)

2fv o~ (i, )/’
+ '11
Z Ji(Rry) Jo
X [Gl‘/i—l.l(_vriuf - S) + ifGl,Z/J—l.l(—W’iaT —5)]

i (v, )L (Gll,ﬁpﬂ( ))] ds, (28)

Tes6 (1, 1) =

X

4rf * 2f Ji(rry)

‘,t = T (R
wase(r, 1) pR2T(a+1) pR “1,J1 (Rr,)

Gl,—z.l (—vri, I)

200N Ji(rr) g
-=3 PGt (=it
panlrnjl(an) POrpna (=)

2fv Ji(rry)
Z "Jl(Rr )

n=1 n

t
></ [GIJ;,]‘]( vr,z,,r )+)fG1‘2/;,|11(fvrﬁ,rfs)]
0

p=0

X [i(1)1’(vrﬁ/'tf)p(Gu,/;_/,+]( vip,s))|ds.  (29)

Furthermore, when f§ — 1 into Eqgs. (28) and (29), we have
shear stress and velocity fields for ordinary second grade fluid

4.5. Case * — 0 and /lf — 0 solutions corresponding to
Newtonian fluid

Finally by making 2* — 0 and )f — 0 into Egs. (16) and (21)

AW AN )

TN(V t) = (32)
’ R? R % r,Ji(Rr,) '
200 . T
eoee =02
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150 >
Py
P
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-
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&
P t=2
50 7 T
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/—/...
1 1
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r
Figure 3 Shear stress t(r,7) versus r with /1, =0.15,

A=0.85 f=0.8, t=2sec and different values of a.
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4rfl = Ji(rry) ey 100 T . .
on(r,t —e |, 33
w(r ) = R <12J,(Rr,) [ ] (33)
we recovered the solutions which are identical to those 30
obtained in [30, Egs. (22) and (23)].
5. Conclusion 60
g
This study highlights the key features of the rotational flow of N
an Oldroyd-B fluid with fractional derivatives induced by an 40r
infinite circular cylinder that applies a constant couple to
the fluid. Such kind of problem has not been solved in the
literature. The present solutions are based on a simple but 20r
important remark regarding the governing equation for the
0
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Figure 5 Shear stress <t(r,7) versus r with 1, =0.15 Figure 8 Shear stress t(r,7) versus r with 1, =0.15

A=0.85 f=0.8, t =6sec and different values of «.

A=0.85 o =0.2, t=6sec and different values of f.
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Figure 9 Comparison of shear stress among different fluids
7(r, t) versus r with 4, = 0.15, 2 =0.85 and at 7 = 2 sec.
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A=10.85 f=0.8, t =4sec and different values of a.

non-trivial shear stress. The solutions that have been obtained
satisfy all imposed initial and boundary conditions and can
easily be reduced to the similar solutions corresponding to
ordinary Oldroyd-B, fractional/ordinary Maxwell, fractional/
ordinary second-grade, and Newtonian fluids performing the
similar motion. The obtained results are in the form of Newto-
nian and non-Newtonian parts. To study the influence of frac-
tional parameters on the velocity and shear stress is plotted in
the Figs. 3-15. From Figs. 3-5 it is observed that the t(r,¢)
increases with the increase in value of o and same behavior
is observed for f cleared from Figs. 6-8. Figs. 1015 show that
the (r, t) increases with the increase in the values of « and f.
Finally, a comparison for time derivative of integer order
versus fractional order is shown graphically for GOB, OB,
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Figure 12 Profiles of velocity w(r,f) versus r with 1, =0.15,
A=0.85 p=0.8, t =6sec and different values of «.
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Figure 13  Profiles of velocity w(r,?) versus r with 1, =0.15,
A=0.85 a=0.2, t =2sec and different values of f5.
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