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KEYWORDS Abstract The peristaltic flow and heat transfer through a symmetric channel in the presence of heat
Peristaltic flow: sink/source parameter have been analyzed in this paper. It also deals with the effect of the natural
Heat transfer; convection coefficient in the momentum equation. Low Reynolds number and small wave number
Jeffrey parameter /;; approximation are used to convert the non-linear partial differential equations into the non-linear
Heat sink/source parameter ordinary differential equations. In order to solve the governing model, perturbation method has been
Bi; chosen by taking o (material parameter) as a small parameter. Expressions have been obtained for
Material parameter o temperature, velocity, stream function, pressure rise and frictional forces. The features of the flow

characteristics are analyzed by plotting graphs and the results are discussed in details. It has been
observed that velocity increases with an increase of « (material parameter). The peristaltic pumping
and in the copumping region the pumping rate decreases by increasing the value of o (material

parameter). The size of the trapped bolus decreases by increasing the value of o (material parameter).

The temperature profile increases by increasing the value of 3, (heat sink/source parameter).

© 2015 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. Thisis an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction Peristaltic transport is a means of fluid flow in elastic path
by the way of contraction and expansion processes. This flow

Heat transfer occurs in almost all branches of Engineering and induces progressive waves along the elastic path. Peristaltic
Biosciences. Also, it has many industrial, chemical, residential transport is an inbuilt mechanism in many biological systems

and commercial applications. It is well-known heat transfer including human body such as: transportation of biOﬂuifiS’
spermatozoa in the ducts efferent of the male reproductive

tract, ovum in the female fallopian tube, lymph in the lym-
phatic vessel and also in many other glandular ducts.
Technical roller and finger pumps also operate according to

follows the first law of thermodynamics.
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peristaltic measure has been carried out by Latham [1]. Later
on more researches carried out this work [2-5].

For the occurrence of heat transfer with peristaltic flow,
there must be transport of fluid by contraction and expansion
involving kinetic energy. The peristaltic propulsion will result
into the transfer of heat. Some other examples include: drying,
evaporation, cooling, combustion of fuel droplets and ablation
cooling, vehicles sourcing, reentry and even ordinary vents
such as rain, snow melts and hail. Keeping in view of its impor-
tance and real world validity several researchers [6-10] have
studied the effects of heat transfer on peristaltic transport of
Newtonian and non-Newtonian fluids.

Some recent researches are as follows: Vasudev et al. has
investigated the effects of heat transfer on the peristaltic flow
of Jeffrey fluid through a porous medium in a vertical annulus
[11]. Khan et al. have presented the peristaltic transport of a
Jeffrey fluid with variable viscosity through a porous medium
in an asymmetric channel [12]. Akram et al. have discussed the
significance of Nanofluid and partial slip on the peristaltic
transport of a Non-Newtonian fluid with different waveforms
[13]. Pandey has presented the unsteady model of transporta-
tion of Jeffrey fluid by peristalsis [14]. Akbar et al. have ana-
lyzed the thermal and velocity slip effects on the MHD
peristaltic flow with carbon nanotubes in an asymmetric chan-
nel: application of radiation therapy [15]. Noreen has studied
the numerical solution of the effects of induced magnetic field
on Jeffrey six-constant fluid with peristaltic flow [16].

Also several works available in the literature deal with pas-
sage arrangement optimization in plate-fin heat exchangers
such as [25-27].

This paper considers Jeffrey six-constant fluid with heat
transfer. The Jeffrey model is relatively simple linear model
using time derivatives instead of convected derivatives e.g.,
the Oldroyd-B model, and it represents a rheology different
from Newtonian fluid. The whole analysis has been carried
out in a moving frame of reference. The governing equations
of fluid flow are solved subject to relevant boundary condi-
tions. Perturbation solutions of pressure gradient, stream func-
tion and temperature distribution are obtained. Graphs are
plotted for different parameters.

2. Indispensable equations

The constitutive equations for Jeffrey six-constant fluid model
are [17]

V-V =0, )
p%:V~T’—|—pbf—|—R7 (2)
pcp‘%: kV2T 4 Q,, 3)
and the Cauchy stress Tensor is

T =—pl+S, (4)

ds _ ~ -
S+ A {E_ WS +SW + a(SD + DS) + bS : DI + thrS]

:2;4{D+A’z(%)— WD + DW +2aDD + bD : D )} (5)

L =grad V, (6)

A =L+L" (7

Here, V is the velocity vector, by is the body force (assumed to
be zero), R is the Darcy’s resistance (assumed to be zero), p is
the fluid density, S is the extra stress tensor, T' is the Cauchy
stress tensor, C, is the specific heat, T is the temperature, k
is the constant thermal conductivity, Q, > 0 is the heat source

and Q, < 0 is the heat sink, p is the pressure, D = w is

the symmetric part of VV, W = (VV'T’W) is the antisymmetric
part of VV, Z; and 4, are the relaxation and delay times respec-

tively, p is the dynamic viscosity, % is the material derivative,

and a,b and ¢ are arbitrary material constants.

3. Formulation of the problem

Consider the steady and incompressible flow of Jeffrey fluid in
symmetric channel. The surface is maintained at uniform con-
stant temperature (Fig. 1).

The motion of an incompressible fluid is caused by sinu-
soidal wave trains propagating with constant speed ¢ along
the channel wall as given by the following:

H(X',7)=a+ bsin (277-[ (X - ct’)). (8)

In above equation, 4 is the amplitude of the waves and 2a is the
channel width, A is the wavelength. X" and Y’ are the rectangu-
lar Cartesian coordinates. The wall Y = /' is kept at a temper-
ature Ty. Introducing a wave frame (x,)") moves with velocity
¢ away from the fixed frame (X', Y’) with velocity ¢ by the
transformation

X=X —ct, y=Y,
=UWX,Y,!)—c,

' (¥,))
vl(xlvyl) = V(va Y7t/)7 9)

where (#/,V') are the velocity components in the wave frame
(x',)"). The equations governing the fluid motion in the wave
frame are as follows:

o o

- 1
ox oy 0, (10)

/

/ 8 / 8 /o ap/ aS,/v,\J (?Sx}"
P{“ W—H}B_y’}u = o T ae oy + pgBr(T—To),
(11)

4 4
N PR W )
ox' 0y oy ox oy’
2 1

Y,V i c Y=HKT=T
g7 T}

o a

o Y =0,T

X, U

Figure 1  Flow geometry.
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pCP{”%”B_y'}T:k{axw*a”%% 1)
Next, we introduce the following dimensionless quantities
Y_£7 y:)ia u:Z7 v:iy

A a c c

a ,,, .. pca Aic a
Sj=—= (fori,j=1,2,3), Re=—, l=—— 0=-,

uc I a A

a’p’ " oy oy uC
= h=— =T = 0=, pr=72
e’ a T ! o Tk
T - T, 0, BreT,
= = Gt =—"— 14
Y T() I ﬁl kT() I v ) ( )

where Pr, 0, Re, and Gr are the Prandtl, wave, Reynolds num-
bers and Local Grashof number respectively; [, is the heat
sink/source parameter. Using dimensionless variables as in
(14) and introducing stream function y, Egs. (10)—(13) become
as follows:

oy o
=5 =—0-- 1
y’ ! 58x’ (15)
N o o ONOY|  Op . OS.  OSy
R""S[(ay ox o ay) ] = "ax T 0ax T oy
(16)
5 Re| (PO O N _ Op  9S,  20Sn
0 ReK@y Ox Ox dy) Ox 8y+5 dy +9 ox '
(17)
Ny oy LIy, 0
5HR[66% axay| S o T th (18)

The values of S.y, Sy, S,, and S,, can be obtained from
Noreen [16]. By eliminating p from the Egs. (16) and (17),
the following equation can be obtained:

o 8 O A\ [y LY
51@[(8@ m*y) (072” o
s > L& Ay
—5@(S\X—SL))+ (w—é 8)( )S\}‘FGla—y (19)

The boundary conditions are as follows:

[p:()’ y:()7
V=F, y=h(x)=1+asin]2nx],
Py N
ty= L =1 aty=
8y2 =0 aty=0 and ay at y = h,
oy
=L = ; = =1, ¢ = h. 2
oy 0, aty=0, 9 , aty=h (20)

4. Rate of volume flow rate and boundary conditions

In fixed frame, the dimensional volume flow is defined by

WXt
0 :/ UX, Y, )Y (21)
0

The rate of volume flow in the wave frame is given by

"
q=% u(x',y')dy'. (22)

Substituting Eq. (9) into Eq. (21) and making use of Eq. (22),
we find that the two rates of volume flow rate are related
through

Q=q+ch(x). (23)

The time-mean flow over a period T is defined as
_ 1 T
0=+ /0 0. (24)

Substituting Eq. (23) into Eq (24), and integrating, we get

0 =4 +ac. (25)

The dimensionless time-mean flow 0 in the fixed and F in the
wave frame are defined as

0:2/ and F=1 (26)
ac ac

Rewriting Eq. (25)

0=F+1, (27)

where

h(x) 8!//
= [ % =y 000, 8)

The dimensionless form of /' (X', ) is
h(x) = 1+ asin2nx]. (29)

For long wavelength and low Reynolds number approxi-
mation i.e., (0 < 1, Re < 1), the Egs. (16)-(19) can be written
as follows:

op _0Sy

ox Oy

op

o Sy dy
oy GG, =

82
67’; + B =0, (33)

+ Gty, (30)

0, (32)

where
2
_ ik, (P
Py [1—75 “(aﬂ)
- 2

oy? 2 ()2
T\
+a+b). (35)

(34) and (35), Egs.

Sy ; (34)

Making use of Egs.
become

(30) and (32)

op o |ty [1-% zf

Z=_ =L + Gty, 36
Ay f) 2

iz 627‘# 1~ " _o (37)

y? | 0y? hz -

Further, applying binomial expansion about «, Egs. (36) and
(37) can be as follows:
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Oy & (Y, 8 (Y o
a—y4+°‘Aa—yz<a—yz> *“Ba—yz(a—yz) T =0 B

op 0 [y P\, (U
0x—ay|:ay2+OCA 87)/2 + o B W +th, (39)
%y

8}/2 + ﬁl = 07 (40)

where 4 and B are the material parameters for Jeffrey fluid
defined by

A:%/ﬁ_%il/@ B:—%’ﬁ}&- (41)

5. Perturbation solution

To obtain the closed form solution of the Egs. (38)—(40) for
any arbitrary set of values of various parameters, the power
series expansion about the material parameter « has been
employed to obtain the following:

Y=o+ oy + Y, + 0(),

% :%-FOC%-FOCZ%-F o),

Stx = Soxx + 0S1x + 2Sh0 + O(e),

S,y = Sopy + #S1y, + 082Sy, + O(),

Sy = Soxy + 2S1y + &7 Sa + O(),
F=Fy+aF, +*F, + 0(o),

p=po+op +a’p, +0(r),

=70+ oy + Py + O(or). (42)
Inserting Eq. (42) into Egs. (38)-(40) we get the following
systems:

5.1. Zero order system

(zﬁ" + Gt%’y0 =0, (43)
%’jg = a% {8;;/’20} + Gy, (44)
‘%’f +B, =0, (45)
W, =0, 8;;”20: , %Lo, at y =0, (46)
Vo = Fo, aa_”it_l, 2o =0, aty—=h(x) (47)

5.2. First order system

84!//1 > 82‘//0 ' M

3y A By ( By ) + Gta—y =0, (48)
3

op, 0 ‘92‘//1 821//0 \

e A n 4

Ox Oy {8}/2 + 09y? G0, (49)

82"/1

oy 7

30FF " F T T T T T T T T L ]
£ - a=0
25 y a=0.2 1
a=0.4
20 3
a=0.6
B3 st ]
~
(a)
r 10F 1
o
05F 1
00} 1
05 \*.
35 3.6 3.7 38 EXY 4.0
X
Figure 2 Influence of o on dp®®/dx when a = 0.45, 8, = 0.9,

Gt =0.67,0=0.3,), = 0.4, J» =0.5.

2 M

lﬁl =0, aa;llzl =0, aa_;lzoa aty =0, (50)
0

=R G0 =0, aty=hx). (s1)

5.3. Second order system

oy . 8PN (0, & (o
R P (W) (8y2) +3872(8yz) +ar52=0,

2 5
p, 0 82% 82% 82‘//1 62%
42 _ 2 34 B Gty
ox Oy| 0y + 0y? 0)* + y? O
&y _
o2
82'102 0,

= = = = 2

l//2 07 ayz 07 ay 01 at Y 01 (5 )
0
=R WE=0 =0, aty=h(x). (53)
v
5.4. Solution for zero order system
Yo = Loy’ + Loy’ + Losy + Loa, (54)
uy = 5Lo1y* + 3Loy” + Lo, (55)
1.5 2
“/ozi(h Bi—y ﬂl)a (56)
dpy {—360F— 360h + 1804 — 12Gth’ B, + 60Gth’y* B,
dx 120’
1
+Gt (E (/72/31 - J’zﬁl))} ) (57)
2n dp

AP;, = ) d—;dx. (58)
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T T B B30, SO B o 2n dp
1op 7=\ - =00 |1 AP, :/ i Ldx. (63)
£1=1.0 0 X
osh g=15 | ]
x [ Fr=2.0 5.6. Solution for the second order system
—~ oof ]
@Q [ ¥y = Lony"" + Lany" + Loisy™ + Loway" + Laisy”
= el 1 + Loy + Lary® + Loy’ + Loy, (64)
10: - Uy = 17L211y16 + 15L212y14 + 13L213y'2 + 11L2|4y|0
[ +9Ly15y* + TLa16)® + 5Loi7y* + 3Laisy” + Laps, (65)
35 36 3.7 38 39 4.0
d, 1
* %:W(729(12A2 —25B)(F + k')
Figure 3 Influence of f, on dp(2>/a’x when a =0.45,00=0.1, Y > 18
Gr=0.67,0=04,2 =04, 1, =0.5. T (6947 — 50B)G1(F + h)* B,
6 3
T — Gt2F1>2
WF ' SAGR Eara § + G (O E ),
N Ge=10 |1 ~ 2(130474° — 6650B) G h* (F + h)*
osf S=Ly 13 4379375
x ecaca (387264 — 19075B) (F + h)f}
~~ oof ] 591215625
g% 4(148674% — 6650B) G h' ! (66)
—0sf~ /] 251266640625 ’
72 =0, (67)
-1.0}+ ]
2n
: : : . . ; dp,
35 36 37 38 39 40 AP, = ——dx, (68)
x , dx
. @ The values of Ly (i=1,2,3,4),L; (j=1,2,...,6), and
Figure 4  Influence of Gt on dp'”/dx when a = 0.45, f; = 0.67, Ly; (ij = 11,12,...,19), as appearing in above equations, are

0=0.1,0=04,1 =04, 1, =0.5.

/ . - =0
Y - A=02
/ ~
6r y 7 2\ 1;=04 H
[ V.o |- u=0s
38 39 4.0

X

Figure 5 Influence of 4, on dp(z)/dx when a =0.45,, = 0.67,
Gr=05,0=0.1,0=0.1, 2 = 0.5.

5.5. Solution for the first order system
Yy =Lyy" + Loy’ + Lisy" + Ly’ + Lisy’ + Ligy, (59)
uy = 1 1L11y10 + 9L12y8 + 7L13y6 + 5L14y4 + 3L15y2 + L167 (60)

1
dx 1443751

—2338875(F+h)’ +44550Gth’ (F+h)*, — 1265
GPR (F+h) B +4GPh" )

. (61

"= 07 (62)

not included for reducing the number of pages.
The expressions of AP;,dp/dx,y and F; up to O(8%) are
denoted by APY, dp® /dx,7®, ¢? and F”. Mathematically

APY = AP, + aAP;, + o?AP,,, (69)
d, dj d,
@ g = Po P 2P
dp"” /dx pe +a pe +a o (70)
W =y + ey + o, (71)
P =90 + oy + o7y, (72)

and final expressions for pressure rise per wavelength, pressure
gradient, temperature, mass and frictional forces can be
obtained from solutions of zero to second order systems.

6. Discussion

Pumping characteristics, heat characteristics, behavior of
velocity and trapping have been thoroughly discussed in pro-
ceeding subsections. We have carried out the behavior of the
solutions for stream function (¥), velocity (u), temperature

(y®), pressure gradient (dp(z) /dx) and pressure rise per wave-
length (APEZ) ) for several values of «, f8;, Gt, A, and /,.

6.1. Pumping characteristics

The behavior of material parameter o, heat source/sink param-
eter 3,, Grashof number Gt, relaxation time 4, and retardation

time J, on dp® /dx and APE?) has been investigated. In Fig. 2
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g
[«
>
X
Figure 6 Influence of 4, on dp(z)/dx when a =0.45,, = 0.67,

Gt=04,0=0.1,% =0.5, =02

6
Figure 7 Influence of o on APEZ) when Gt =0.67,a=0.3,
B, =05, =04, =0.5.

62

Figure 8 Influence of 4, on APE'2> when Gt =0.67,a=0.3,
pi=0.50=0.01,7, =0.5.

the variation of dp'® /dx versus x is shown for different values
of a by keeping the other parameters fixed. We can observe
that pressure gradient is relatively small in the wider part of
the channel. The flow can easily pass through without

\ — 1= ]
20 :
1=02 ||
= ]
= ]
< 20t .
—s0}f ]
-1.0 -05 00 05 10 15 20
6
Figure 9  Influence of 4, on Asz) when Gt = 1,a =0.3,, = 0.5,

% =0.07,4 = 0.5.

-10f

_zoé -]
-1.0 -0.5 0.0 0.5 1.0
6@

Figure 10 Influence of f;, on AP(f) when Gt=0.67,a=0.3,
A =0.50=0.02,4 =0.5.

apr, @

-10f
o}
10 —05 00 05 10
6@

Figure 11 Influence of Gt on AP(AZ) when o = 0.05,a=0.3,
p,=0.67,2, =0.4,2, =0.5.

imposition of large pressure gradient. In spite of a narrow part
of the channel there is a need of large pressure gradient to
maintain the flux to pass it near x = 3.75. In Figs. 3-5 we
can get the same behavior as in Fig. 2 for the parameters
p1,Gt and A;. In Fig. 6 we can get vice versa behavior for 4.
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Figure 12 Influence of 8, on 7 when a = 0.5, x = 0.5.
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Figure 13
Gt=1,x=—1,4 =0.55.

o4f ; — = ]

02f- _ =001 | ]
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00 N 3
s - 21=0.03

u

e

Figure 14 Influence of 4; on u when ¢ =0.3,0=0.1,4, =1,
Gt=1,x=-1,h =1

The dimensionless pressure rise per wavelength versus
variation of time-averaged flux 6 has been plotted in the
Figs. 7-11. Here the upper right-hand Quadrant (/) denotes

the region of peristaltic pumping, where 0% >0 (positive
pumping) and AP?) >0 (adverse pressure gradient).
Quadrant (1), where APEVZ) < 0 (favorable pressure gradient)

Influence of « on u when a=0.3,4, =0.6,5, =1,

739
== T T — "
04f L) ]
: 2=01 ]
02f 2=02 ]
oof R CE V] B

u

Figure 15 Influence of 4, on u when a=0.1,4, =1, =1,
Gt=1,x=—-1,0=0.2.

04f T~ = ]
b T~ Gt=0.2
02f ]
. Gt=0.4
oot Rt e - Gt=0.6 .
- _0_25 N - e \ ]
—04_— -'.‘«__ .
-0.6}_\"‘

-0.8}
-1.0f . L
0.0 0.2 04
¥
Figure 16 Influence of Gf on u when a=0.1,4, =1,4, =1,

=1, x=—-1,a=0.2.

u

Figure 17 Influence of f, on u when ¢ =0.2, 1, = 0.8, = 0.3,
Gt=1,x=-1,/,=1.

and 0% >0 (positive pumping), is designated as augmented
flow (copumping region). Quadrant (/7)) , such that
APE?) > 0 (adverse pressure gradient) and 0¥ < 0, is called ret-
rograde or backward pumping. The flow is opposite to the
direction of the peristaltic motion, and there is no flow in
the last Quadrant (/1I). Figs. 7 and 8 show that, there is an

inverse linear relationship between APEZ) and 0@, that is, for
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04 g 04 .
02} g 02} ]
00} . L L . L 3 00} . A L . A 3
-0.4 -0.2 0.0 02 04 -0.4 -02 0.0 02 04

x

Figure 18 Influence of o on  with a = 04,0 =1,4, =0.7, 2, = 0.7, , = 1Gt = 0.8(a)o. = 0(b)ar = 0.1.

0.6 B

04f -

0.2 -

0.0F L L L L 1 -

Figure 19  Influence of f§; on ¢ with ¢ =0.2,0 =1,4, =0.7,2, = 0.7, = 0.01Gt = 1(a)f, = 0(b)B, = 0.7(c)p, = 1.4.
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Figure 20  Influence of 4, on  with a =0.4,0 =

025

0.6— —~ 1
04 l i
[

ll | 4

o2} | P
| | 1

| 6 1

0.0} ol 1 1 L 1 .

-04 -02 0.0 02 04
X
Figure 21  Influence of 4, on ¢ with a =0.3,0 =

the adverse pressure gradient and for the free pumping the
pumping increases with the increase in o, and A;. On the other
hand, in the copumping region, the pumping decreases with
the increase of o, and 4,. In Fig. 9, the pumping decreases with
the increase of 1, in Quadrant (IV). On the other hand, in
Quadrant (II), the pumping increases with the increase of 4.
In Figs. 10 and 11 we can say that for the adverse pressure gra-
dient, copumping region and for the free pumping, the pump-
ing increases with the increase of f§, and Gt.

6.2. Heat characteristics

The effect of heat transfer on peristalsis is shown in Fig. 12. In
this Fig. it depicts the effect f, on the temperature profile 7

00} .

LB =1,l=07,0=02 Gt =1(a)y = 0(h)2s = 0.5.

(b)
- ’( \ -
06 \ B
0l ) —02— B
|
02p | [ ]
| !
0.0, . L 1 L 1 L b "
-04 -02 0.0 0.2 04

x

1,8 = 1,2 =07,0 =02 Gt = 1(a)is = 0(b) 1y = 0.8.

by fixing the other parameters. This figure indicates that the
temperature profiles are almost parabolic and temperature
increases with the increase of f3;.

6.3. Behavior of velocity

The variations of the material parameter o, heat source/
sink parameter f;, Grashof number Gt, relaxation time 1,
and retardation time A, on the longitudinal velocity u
in the symmetric channel have been plotted in this
subsection. All the Figs. show that velocity at the wall
has the same value u(y=/h)=—1 in the wave frame,
satisfying the no slip boundary condition for all values of
parameters.
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Figure 22 Influence of Gf on  with a =0.4,0 = 1.4, 3,

Figs. 13-17 give us the result that an increase in o 4, 4, Gt,
and f causes an increase in the velocity throughout the
channel.

6.4. Trapping

The variation of «, f;, Gt A, and 4, is notified in Figs. 18-22.
Fig. 18 is plotted for the «. In panel (a) the bolus is symmetric
about the center line. Panel (b) shows that the bolus decreases
with an increase of a. Fig. 19 is plotted for f3,. Panels (b,c) indi-
cate that the bolus increase with an increase of f3;. Fig. 20 is
plotted for A;. Panels (b,c) indicate that the bolus decreases
with an increase of 4,. Fig. 21 is plotted for 4,. Panel (b) shows
that the bolus increases with an increase of 4,. Fig. 22 indicates
the same behavior for Gt.

=05, =03,0 =001 4, = 0.4(a)Gt = 1(b)Gt = 2(c)Gt = 3.

7. Conclusion and future work

The effects of heat transfer on the peristaltic transport of
Jeffrey six-constant fluid model have been analyzed. The long
wave length and low Reynolds number approximations lead to
simplified problem. Analytical solutions have been developed
for the stream function, velocity, temperature, pressure gradi-
ent, and pressure rise per wavelength. The numerical solutions
presented in this paper have been compared with those given in
[16]. The results are as follows:

e In the copumping region, the pumping rate decreases by
increasing the value of a.

e The longitudinal velocity is an increasing function of a.

e The size of the trapped bolus decreases by increasing the
value of a.
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e The temperature profile increases by increasing the value of
B,.An interesting idea would be the optimization case in
which the location, size and other geometrical parameters
of the heat sinks/sources are optimized to reach the best
heat sink/source or fluid flow performance. In the literature,
Hajmohammade et al. have done a lot of works in this
interesting field [17-22]. Hajmohammade et al. have done
another great work by considering the power law rule for
the fluid flow [23,24].
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