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Abstract This work is based on stability analysis of spher-
ically symmetric collapsing star surrounding in locally
anisotropic environment in f(R,T) gravity, where R is
Ricci scalar and T corresponds to the trace of energy mo-
mentum tensor. Field equations and dynamical equations are
presented in the context of f(R,T) gravity. Perturbation
scheme is employed on dynamical equations to find the col-
lapse equation. Furthermore, condition on adiabatic index
I is constructed for Newtonian and post-Newtonian eras to
address instability problem. Some constraints on physical
quantities are imposed to maintain stable stellar configura-
tion. The results in this work are in accordance with f(R)
gravity for specific case.

Keywords Collapse - f(R, T) gravity - Dynamical
equations - Instability range - Adiabatic index

1 Introduction

The final outcome of stellar collapse and investigations re-
garding stability of compact objects is emerging as key is-
sue in astrophysics and gravitational theories. A star col-
lapses when it exhaust all its fuel and gravitational force
dominates the outward drawn pressure (Joshi and Malafa-
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rina 2011). However, the final outcome of evolution depends
on the size of compact object undergoing collapse. The life
cycle of a massive stars assuming mass of the order 10-20
solar masses is nominal in comparison to the stars having
relatively less mass i.e., = 1 solar mass. Also, due to high
energy dissipation during collapse more massive star tends
to be more unstable because of massive radiation trans-
port (Hansen and Kawaler 1994; Kippenhahn and Weigert
1990).

The celestial objects are of interest only if they are stable
against fluctuations. Chandrasekhar (1964) worked out the
dynamical instability of a spherical star, he established insta-
bility range in the form of adiabatic index I" as I" > % +n %
where M is the mass and r stands for radius of the star. Sta-
bility analysis in General Relativity (GR) associated with
expansion free condition, isotropy, local anisotropy, dissi-
pation etc was presented by Herrera and his collaborators
(Chan et al. 1989, 1993, 1994). It was observed that dissipa-
tive effects and slight change in isotropy alters subsequent
evolution considerably (Chan et al. 2000; Herrera and San-
tos 2003, 2004; Herrera et al. 1989, 2012). Sharif and Ab-
bas presented the dynamical analysis of charged cylindri-
cal gravitational collapse for non-adiabatic and perfect fluid
(Sharif and Abbas 2011a, 2011b). Sharif and Azam (2013a,
2013b) worked out stability problem for cylindrically sym-
metric thin-shell wormholes.

The limitations of GR on large scales urge astrophysicists
towards modified gravity explorations, they made enormous
advancements to analyze collapse and stability of gravitat-
ing objects in modified theories of gravity. Among many
modified theories of gravity, f(R) gravity presents one of
the elementary modification in Einstein-Hilbert (EH) ac-
tion by including higher order curvature terms to incorpo-
rate dark source candidates. People (Cembranos et al. 2012;
Ghosh and Maharaj 2012) have discussed gravitational col-
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lapse in modified gravity theories, Cembranos et al. inves-
tigated collapse of self-gravitating dust particles (Cembra-
nos et al. 2012). The null dust non-static exact solutions
have been established in f(R) gravity, constrained by con-
stant curvature describing anti de-Sitter background evolu-
tion (Ghosh and Maharaj 2012).

Some valuable prospects of gravitational collapse for
f(R) theory of gravity are worked out in (Sharif and Kausar
2011, 2012; Kausar 2013, 2014, 2014) considering obser-
vational situations such as clustering spectrum, cosmic mi-
crowave background and weak lensing (Carroll et al. 2006;
Bean et al. 2007; Song et al. 2007; Schmidt 2008), conclud-
ing that inclusion of higher order curvature terms enhances
the stability range. The f(R) model in the presence of elec-
tromagnetic field assist in slowing down the collapsing phe-
nomenon (Kausar and Noureen 2014). Spherically symmet-
ric collapse of f(R) gravity models is studied in Borisov
et al. (2012) with the help of one-dimensional numerical
simulations including non-linear coupling of scalar field. Se-
bastiani et al. (2013) investigate the instabilities appearing
in extremal Schwarzschild de-Sitter background in context
of modified gravity theories. Recently, instability range of
anisotropic, non-dissipative spherical collapse is established
in f(T) theory (Sharif and Rani 2014). Sharif and Abbas
(2013a, 2013b) examined the dynamics of charged radiating
and shearfree dissipative collapse framed in Gauss-Bonnet
gravity theory.

Capozziello et al. (2012) analyzed the collapse and dy-
namics of collisionless self-gravitating systems by consider-
ing coupled collisionless Boltzmann and Poisson equations
in the context of f(R) gravity. In order to analyze the col-
lapse and dynamics in context of f(R) gravity, the authors
(Capozziello et al. 2012) considered the coupled collision-
less Boltzmann and Poisson equations. Initially, the system
is taken to be in static equilibrium, the variation in poten-
tials with the time transition is measured with the help of
linearly perturbed field equations. Furthermore, Jeans wave
number and Jeans mass limit is discussed on obtention of the
dispersion relation from Fourier analyzed field equations.
The Jeans instability criterion in f (R) is presented by using
the dispersion relations and numerical estimation of Jeans
length in weak field limit. The numerically solved disper-
sion relation is utilized for the study of interstellar medium
(ISM) and its properties.

In 2011, Harko et al. (2011) introduced f(R,T) grav-
ity theory as another extension of GR based on matter and
geometry coupling. In f (R, T), Einstein-Hilbert (EH) ac-
tion is modified in a way that matter Lagrangian includes
an arbitrary function of Ricci scalar R and trace of energy
momentum tensor 7. This theory can also be conceived as
generalization of f(R) theory in which T is included in the
action so that quantum effects or existence of some exotic
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matter can be taken into account. The action in f(R, T) is
written as (Harko et al. 2011)

1.1
167G (1.1

where L) corresponds to matter Lagrangian, and g stands
for the metric tensor. Different choices of L, can be con-
sidered, each choice implies a set of field equations for par-
ticular form of fluid.

Shabani and Farhoudi (2014) used dynamical system ap-
proach to study the consequences of f(R,T) gravity mod-
els with the help of various cosmological parameters such
as Hubble parameter, its inverse, weight function, decelera-
tion, snap parameters, jerk and equation of state parameter.
They explained cosmological and solar system implications
of f(R,T) models and weak field limit. Sharif and Zubair
(2012a, 2012b, 2013a, 2013b) studied the laws of thermody-
namics, energy conditions and anisotropic universe models
in context of f (R, T') gravity. Chakraborty (2013) formulate
field equations for homogeneous and isotropic cosmologi-
cal models and analyzed energy conditions for perfect fluid
in f(R,T) gravity. Recently, dynamical instability of lo-
cally isotropic spherically symmetric self-gravitating object
is studied in Sharif and Yousaf (2014) framed in f(R,T)
theory of gravity.

We aimed to find out stability range of the model un-
der consideration in the presence of anisotropic fluid. The
perturbation approach is used to analyze gravitational col-
lapse in f(R,T) gravity. The manuscript is arranged as:
Einstein’s field equations and dynamical equations for
f(R,T) gravity are furnished in Sect. 2 that leads to the
collapse equation. Section 3 covers the discussion of stabil-
ity in terms of adiabatic index and factors affecting stability
of compact objects in both Newtonian and post-Newtonian
limits. Section 4 contains conclusion followed by Appendix.

2 Dynamical equations in f(R, T)

The three dimensional timelike spherical boundary surface
X is chosen pertaining two regions termed as interior and
exterior spacetimes. The line element for region inside X' is
given by

ds® = A%(t, r)dt> — B*(t,r)dr® — C*(t,r)

x (d6? + sin® 0d¢?). 2.2)

The domain beyond the boundary is exterior region having
line element (Sharif and Kausar 2012)
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oM
ds? = <1 - —)dv2 +2drdv

-
r*(d6* + sin” 0d¢?), (2.3)
where v corresponds to retarded time, M is the total mass.
It is assumed that gravitational Lagrangian depends only on
the components of metric tensor and so corresponding en-
ergy momentum tensor for usual matter is given by (Landau
and Lifshitz 2002)

20Lgm)
8g”” :

T(m) — guvﬁ(m) 2.4)

The variation of action (1.1) with the metric g,, constitutes
the field equations in f (R, T) gravity as

1
_guvf(R T)+ (g —VuVy) fR(R,T)

ST (R, T)Oyy, 2.5)

R fR(R,T) —

=87 GT"™ — fr(R, )T —

where fr(R, T) and f7(R, T) denote derivatives of f(R,T)
with respect to R and T respectively; [ = g*"V,V,, is the
d’Alembert operator, V,, is the covariant derivative associ-
ated with the Levi-Civita connection of the metric tensor
and @, is defined by

87T _ 9L
_ _ P m
uwy = 5gi ZTMV + gp.uﬁm 2ga Bg/“agaﬂ .
In this study we choose £, = p so that @, = —2T,\" +
8uvLm). Hence Eq. (2.5) takes the form
1 S —RfRr
Guv = 4 (fT + l)Tu(Um) - nglva + — 8w
fr 2
+ (V,Vy — guvD)fRi|- (2.6)

Here T, represents energy momentum tensor for usual
matter describing anisotropic fluid, given by

T = (p 4 p ViV — prguw + (Pr — P XuXvs  (27)

where p is energy density, V,, stands for four-velocity of
the fluid, x, is the corresponding radial four vector, p, and
p.1 denote radial and tangential pressure respectively. These
physical quantities satisfy following identities

vie=A"lsg, ViV, =1,
u —1lgsu u (2.8)
x“=B78, x'xu=-1
Components of field equations are
! f—Rfe Ik f'R 3, 2C
Goo = — —5 ~ 3 -
0= [p T TR T c
fR B’ 2C’
———1, 29
~ B2\ B C 29)

17, A B ,
Gm—f—[fR —fr _EfR:|’ (2.10)
1 _f-Rfe  fr
Gll—fR |:pr+(,0+pr)f7" >t
fr{(A 2C\ fr(A 2C
_F<Z_?> BQ<A+C>]’ @10
1 —R r /"
G22=ﬁ|:1n+(,0+p¢)fr—f ZfR—i-%—B—I;
f'R<A B c‘) f,;<A' B c’)
“a\a B c) B\A B T ]
(2.12)

where dot and prime indicates the derivatives with respect
to “r” and “t”. Conservation laws play fundamental role
in establishment of stability range. In f (R, T) gravity the
energy momentum tensor induce non-vanishing divergence.
Here, we have taken into account the conservation of full
field equations i.e., Einstein tensor to describe fluid evolu-
tion. Bianchi identities are

G“v” Vu=0, G;”,qu =0, (2.13)
implying
. B 2C fr
1 — )4
P—i—p{[ +fT]<B+ C) fR}
B ¢
+[1+fr]{prE+2pLE}+Z1(r,t)=0, (2.14)

A/ A/ C/ 4

(p+pr)f7+(1+fT){pr+pA 2 " e

C/ /
—ZPJ_—}-i-fT(/O —f—>+Zz(r 1) =0, (2.15)

c Ir

where Zj(r,t) and Z,(r,t) are given in Appendix as
Egs. (A.1) and (A.2) respectively. Conservation equations
assist in describing variation from equilibrium position lead-
ing to collapse process. The variation of physical parame-
ters of gravitating system with the passage of time can be
observed by using perturbation scheme as presented in the
following section.

3 f(R, T) model and perturbation scheme

The gravitational field equations depicts a set of highly com-
plicated non-linear differential equations whose general so-
lution is still undetermined. We employ perturbation ap-
proach to discover the effects of f (R, T') model on the evo-
lution of locally anisotropic spherical star. Implementation
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of linear perturbation on evolution equations leads to the
pressure to density ratio i.e., adiabatic index describing in-
stability range. The dynamics of evolution can be anticipated
either by following Eulerian or Lagrangian pattern i.e., fixed
or co-moving coordinates respectively. We have chosen co-
moving coordinates, all quantities are considered to be in
static equilibrium initially and then with the time transition,
the perturbed metric and material variables has both the time
and radial dependence.

In our discussion, we consider a particular model of the
action (1.1) which is defined as (Sharif and Zubair 2012b)
f(R,T)=R+aR*>+AT,
where « is any real number, A is a coupling parameter
and AT represents correction to f(R) gravity. Assuming
0<e<k<1,0<&«1and 0 < n <1, the perturbed form
of quantities alongwith their initial form can be arranged as
(Chan et al. 2000; Herrera and Santos 2003, 2004; Herrera
etal. 1989, 2012)

A(t,r)=Ao(r) +eD(t)a(r), (3.16)
B(t,7) = Bo(r) + eD(t)b(r), (3.17)
C(t,r)=rB(t, )|l +eD®er)], (3.18)
p(t,r)=po(r) +ep(t,r), (3.19)
prt,r) = pro(r) +epy(t,r), (3.20)
pi(t,r)=pio(r)+epu(t,r), (3.21)
m(t,r) =mo(r) +em(t,r), (3.22)
R(t,r) = Ro(r) +§Di(0)ei(r), (3.23)
T(t,r)=To(r) +nDx(t)er(r), (3.24)
F(R,T) =[Ro(r) + R (r) + ATo] + ED1(1)er ()

x [14 2aRo(r)] + nDa(t)ex(r), (3.25)
fr =142aRo(r) +E2aDi(t)e (r), (3.26)
fr=~x. (3.27)

We take Schwarzschild coordinate Co(r) = r and apply per-
turbation scheme on dynamical equations i.e., Egs. (2.14)
and (2.15), we found that

= [ 2epo
Pt th —(,00 +2p1io) + —(,00 + 1r0)

+Yle}D=O, (3.28)
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A Ao r Y

+2 1'5[ ! ( +2e By b R)+B2(Y){ : }/]
o e — - — —
A By  Bo B2y
a / E /
+ D[MKA_) (po + pro) —2(pr0+pm)<—> ]
0 r
af, (o Ay, (A 2Ry 2
Y 1 prO pOA Pro AO % .

T, 2aRy
+Ale +e pO—T +YZy, =0,

where ¥ =1+ 2aRp, Ay = A + 1 and Zy,, Z,, are pro-
vided in Appendix. It is assumed that the perturbed quanti-
ties Dj=Dy=D ande; =er =e.

Eliminating / from Eq. (3.28) and integrating it with re-
spect to time provides p as

2
z_[ e

Al Ay 2 2aR)\ 2 _
Al{ +,0—+pr< +=- 0) fl}—l-)»,o/

(3.29)

_ 2c b
o 11— (o +2p1o) + — (0o + pro)
r By

+ Yzl,,]D. (3.30)

The Harrison-Wheeler type equation of state associating p
and p, depicts/describes second law of thermodynamics,
written as

pro -

pr=I———p.
' £0 + Pro

(3.31)

Inserting of p in above relation, we have

_ 0 26,00 2c
PrZ_FL[ +/\1—(/00+2P¢0)+Y21p}D
potprol Y r
b
— I'pyo—D. (3.32)

By

The expression for p; can be found by applying perturba-
tion on field equation (2.12) and eliminating p , that turns
out to be

i ve D ip N A 2ae
= — =20 ¢ — — — —_— — _—
pL 2 h Pl1o P Po )

(3.33)

where Z3 corresponds to effective part of the field equation
and is given in Appendix as Eq. (A.5).

Substituting p, p, and p) from Egs. (3.30), (3.32) and
(3.33) in second Bianchi identity (3.29), we obtain
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|:A(2)Y{ Bo Bo } °{B§YH O Y r
1 (e 1 a\  Ze=—202bR)+ Yf,
+F —£ _2ael+D % A1\ (po + pro) o ;
V4 A 2 -
. AN 20 N 2R, 7= 1[,0061 + (Pr0+17l0)<r>:|
_ ° _% e — o =
PO PO Y Py 2a[. (2aR) ,
A A 2 L R S Rt Rl LR U
+)»1<epro+e|:Pro+,00A +Pr0<A +—

2aR)] 2
) Ol | B
Y Po + Pro Y

2c
—H»l{7(po+2mo)+B—O(po+Pro)}+Y21p}

Al 2 A Al 2 2aR]
+{—0+——+FL<—O+—— °>

Ap )M po+pro\Ao 1 Y

/ -
Pro 2epo 2c

+A1<F d ) + X214 —(po +2p10)
£0 + Pro Y r

b 21
+ —(Po-l-Pro)} +(Y)le} + ——Zs} +ZZpi|
By r Al

,1

= 0. (3.34)

An ordinary differential equation is retrieved from perturbed
form of Ricci scalar, written as
D(t) — Z4(r)D(1) = 0. (3.35)
Z4 is given in Appendix as Eq. (A.6), all terms of Z4 are
presumed in a way that all the terms remain positive. The
solution of Eq. (3.35) takes form

D(t) = —eVZat, (3.36)
Following subsections provide description of limiting cases
appear in stability problem in f (R, T') gravity.

3.1 Newtonian regime

In this approximation, we take pg > pro, Lo > plo and
Ag =1, Bp = 1. Inserting these assumptions along with
Eq. (3.36) in Eq. (3.35), we arrive at following stability con-
dition
Z4Z6 +Z7+rpo(Zs +YZ1pny), 1
2aR})
2 ProZs+{pro (<3t = DI Zs
XZs— WZ3(N) +YZ v

+ , (3.37)
2 R
M ProZs + (pro(=2 — $))Zs

where

)

where Z1,y and Zzp,(n) are terms of Zy, and Z3), cor-
responding to Newtonian era. The case when o« — 0 and
A — 0 corresponds to GR corrections and I" reads

£Z4+ pod’ +2(pro+ pro)(5) + ¢ — r%(‘?// +a")
<
2proe’ + Pr()%

(3.38)

These results reduce in f(R) gravity for A — 0. The self-
gravitating body remains stable in Newtonian regime until
the inequality for I" holds, for which following constraints
must be fulfilled.

2aR),
Y

2a2bR6<YE, 20R, <Y, >py—e.
r

3.2 Post Newtonian regime

In this approximation we take, Ag = 1
=0 implying

— 20 and Bp=1+

Ao __mo By _
Ao r(r—mo)’ By

—mo
r(r +mg)’

substitution of above assumptions in Eq. (3.34) yields

Z4Zg+ Zg + 2po(Z1o+ Y Z1ppny) 1

I <
2aR!
T+ 2} Z1o

)LlprOZio‘l'{prO(r(rni—(;nO) +
Z1Zy — %ZMJN) +YZoppN)

2 R

0 4 )}Zlo

(3.39)

MPrOZ]o + {prO(r(r ) +

where

2ar? , r , mo
Zg = e — bRy +2e—
(r —mo)? r+mo r

r? c 2a(r +mg)?

(v
X —_—
Y (r + mo)?
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Z9=M{po<
;

ar ! &\
—2(pro+ pro)| -
—my r
20

oM
— | (A re’ A ! _
7 [( 1Pr0 +MAe +€{ 1(Pro+r(r_mo))

N 2 2aR| A 2R,
Pro , Y Lo 1%

P my N 2aR) N 2A 4
= r(r —mo) Y aMr po

Zippny and Zyppyy are terms of Zy, and Z, corre-
sponding to post-Newtonian era. Again inequality holds
for positive definite terms restricting physical quantities as

under
2
d (bR6 + emo) <,
r 4+ myg r
= 2 252 2 /
r-—m
200e — YE > ( o) er
r r4 Y (r + mo)?

The restrictions imposed on these quantities have significant
impact on stellar structure and must be fulfilled to achieve
stability of considered model.

4 Summary and discussion

Modified theory can be considered as an effective candi-
date to explain the issue of cosmic acceleration. In this set-
ting, f(R, T) gravity provides an alternative way without
introducing an exotic energy component. The matter geom-
etry coupling results in existence of extra force due to non-
geodesic motion of test particles. This work is devoted to
examine the impact of f(R, T) model on dynamical insta-
bility of locally anisotropic spherical star in f (R, T) grav-
ity. The model f(R,T) = R + aR? + AT provides a vi-
able substitute to the exotic matter in our universe (Sharif
and Zubair 2012b). The local anisotropy in matter config-
uration contribute high dissipation of energy via heat flow,
radiation transport, shearing stresses etc. that affect stability
range largely.

The highly complicated non-linear differential equations
corresponding to set of field equations can not be solved
generally, that is why we have employed perturbation ap-
proach to incorporate this problem. Perturbed dynamical
equations constitute collapse equation that describe non-
static spherical star. Perturbed second Bianchi identity re-
veals that instability range of gravitating objects has depen-
dence on adiabatic index I". Moreover, the index I" con-
stitute impressions of various factors such as tangential and
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radial pressure, shear, density inhomogeneity, radiation, free
streaming etc.

It is worth noticing that in comparison to f(R) gravity
the dynamical equations of f(R,T) gravity possess extra
term of 7 that depict the more generalized modification of
GR. Further, adding the terms of trace 7 in EH action in-
cludes the description of quantum effects or so-called exotic
matter. The adiabatic index I" admits the positive definite
terms to maintain stable stellar configuration for both New-
tonian and post-Newtonian eras. Inclusion of trace of energy
momentum tenor in action (1.1) results in positive addition
to I" and so enhances the stability of stars by slowing down
the subsequent collapse.

It is concluded that our results are in agreement with
the I configuration found in (Sharif and Kausar 2012)
for A — 0 presenting f(R) gravity. Local isotropy of the
model can be retrieved by setting p, = p; = p and the
results are well consistent with the findings of (Sharif and
Yousaf 2014). The terms corresponding to GR corrections
can be found by assuming vanishing values of both «
and A.

The extension of present work to discuss stability and
expansion free condition in f(R,T) is in process. Fur-
thermore, it is worth stressing that the pattern devised in
(Capozziello et al. 2012) can be generalized for various
modified gravity theories (Capozziello et al. 2008; Bog-
danos et al. 2010; De Laurentis and Capozziello 2011;
Roshan and Abbassi 2014). To address instability problem
in an alternate and adequate way, the work on Jeans in-
stability criterion can be extended for f (R, T) theory. We
are planning to work out this problem (Jeans analysis in
f(R, T)) in our forthcoming article incorporating the com-
parison with interstellar medium.
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