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This paper investigates the phenomenon of gravitational collapse of Lemaitre—Tolman—
Bondi (LTB) model in the presence of Brans-Dicke (BD) scalar field with nonzero
potential field. We find a class of solutions by taking perfect fluid as well as scalar
field and check the validity of weak energy conditions. It turns out that two different
types of singularities are formed in the presence of scalar field. We conclude that the
end state of gravitational collapse turns out to be a black hole (BH) contrary to general
relativity (GR).
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1. Introduction

When a massive star (twice the mass of the Sun) consumes its nuclear fuel, it col-
lapses under its own gravity. According to singularity theorems,! the collapse of a
star leads to the formation of spacetime singularity. The nature of this singular-
ity has been remained an important issue in GR. Penrose? presented a hypothesis
known as cosmic censorship hypothesis (CCH), which states that singularity evolv-
ing from regular initial conditions must be hidden within event horizon, i.e. no naked
singularity exists. Many people3 2 investigated the formation of naked singularity
(violation of CCH) in the last few decades. It is found that the nature of singularity
depends on the time formation of apparent horizon. If the singularity is formed
before the formation of apparent horizon, it becomes visible to outside observer,
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i.e. a naked singularity. If apparent horizon is formed earlier than the formation of
singularity, then the singularity must be covered within the event horizon.

In this context, LTB model™® !¢ is extensively used to describe the final fate of
gravitational collapse in GR. The LTB model is an inhomogeneous spherical sym-
metric dust model which leads to two different types of singularities: shell crossing
and shell focusing. The shell focusing singularities can further be divided into cen-
tral shell focusing singularity (visible) and non-central shell focusing singularity
(hidden).

In weak-field regime, all theories of gravity (including GR) are consistent with
weak-field gravitational test, but in strong-field regime, modified theories may de-
viate widely from GR. It is believed that experiments and observations in strong-
field regime can lead to the development of suitable modified theory of gravity. The
phenomenon of gravitational collapse is one such example of strong-field regime.
Thus the study of collapse phenomenon in any modified gravity may enhance and
strengthen the structure of that theory. Moreover, the dynamics of modified theories
may modify the dynamics of gravitational collapse.!” 22

In this context, the scalar—tensor theories have emerged with dominant features
in strong-field regime.'® 26 The BD theory?7 32 is the most explored example of this
theory which has performed a leading role in its development. The BD gravity has
been introduced by assuming dynamical gravitational constant (G = %), where ¢
is a massless scalar field which varies according to time and position. This theory
also involves a constant tuneable parameter wpp, known as BD coupling constant.
It is consistent with many observations and experiments of solar system as well
as other gravitational systems for |wpp| > 40,000.33 3¢ Moreover, the BD gravity
involves more degrees of freedom than GR and hence it admits large number of
solutions of the field equations. In particular, Birkhoff’s theorem does not remain
valid in BD theory®” in a way variety of both static and non-static solutions are
obtained in spherical symmetric vacuum situations.

Matsuda and Nariai®® were the first who explored numerically the spherically
symmetric collapse of an ideal gas in BD gravity. Shibata et al.'® discussed the
radiation of scalar gravitational waves from inhomogeneous dust collapse which are
not found in GR. Scheel et al.?*25 described Openheimer—Snyder collapse in BD
scalar field which leads to the formation of BH for certain range of wpp. Harada
et al.?% found that Openheimer-Snyder collapse in BD gravity provides deviation
from GR such as the violation of second law of BH thermodynamics. Ziaie et al.3?
demonstrated a class of Friedmann collapse solutions in BD gravity and showed
that for different values of w, both types of singularities (hidden or naked) are
obtained.

In this paper, we investigate the final fate of a class of solutions of spherical sym-
metric inhomogeneous LTB model collapse in BD gravity. The paper is organized
in the following format. In Sec. 2, we discuss LTB model solutions with perfect
fluid in BD gravity and check the validity of weak energy conditions. Section 3 is
devoted to the formation of singularities and their respective properties. We also
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discuss the end state of collapse (BH or naked singularity), the behavior of scalar
field as well as potential. The last section summarizes the results.

2. Collapse Solutions

In this section, we construct a class of dust collapse solutions in BD gravity. The

action of self-interacting BD theory with scalar field ¢ is?” 32
5= [dioy=g(on - “E2v0¥.0 - V(o) + L) 1)

where wpp, U(¢) and L, represent constant BD coupling parameter, self-
interacting potential and matter contribution, respectively. The respective BD field
equations are described by

1
¢

Here G, is the Einstein tensor, Tlsf,ﬂ) is the effective stress energy tensor with
1)), and T;fy represent the stress energy tensors of matter fluid and scalar field,
respectively given as follows:

G =T\ = (T}, +T},) - (2)

T;Eiﬂ) = (pest) + Plet)) Vi Vo + Plest) G » (3)
w 1 o U(¢

Tfu = [¢,M;V - guuD(b] + % ¢,u¢,u - 59;w¢,a¢’ - %gw, (4)

T:Iz:pmvﬂvl’7 M7V207172737 (5)

where pefr), Pler) and py, are referred to effective energy density, effective pressure
and matter density, respectively, V, is the four velocity. The variation of action (1)
with respect to scalar field gives

T n 1 AU (¢)
3+ 2WBD 3+ 2WBD d(b
where T is the trace of T},

In order to discuss inhomogeneous dust collapse in BD gravity, we consider LTB

spacetime® ¢ as an interior geometry of the collapsing cloud. The line element of
LTB spacetime is given by

ds® = —dt* + ) dr® + R2(t,7)(d6° + sin® 0 dp?) . (7)

D¢ =

—2U(9)|, (6)

Here t and r are co-moving coordinates, the coordinate r labels the spherical shells
of cloud, R(t,r) is the physical radius of such a mass shell. The proper area of
a spherical shell is given by 47R? which tends to zero for R(t,r) = 0 when 7 is
constant. Using Egs. (2) and (7), we have

-
Gl = (R —AR) = T}¢" =0,

T
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where prime and dot indicate partial derivative with respect to r and t. Integration
of this equation yields

R/2
A(t,r)
e = , 8
) )
where f(r) is an integration function. Thus the line element (7) becomes
12
ds® = —dt* + ﬁ )dr2 + R*(d0” + sin® 0 dp?) . (9)
r

When the particles follow non-intersecting geodesics due to the absence of matter
pressure, one can divide the spacetime into space and time in a very significant way
such that at the surface t = const., the 3-space model,

/2

f(r)
is flat if and only if f(r) = 1.1¢ Since in BD gravity, the scalar field is not allowed
to interact directly with matter, so pressure due to scalar field does not disturb the

ds® =

dr? + R*(d6? + sin® 0 dp?)

geodesics of particles (they remain non-intersecting). Therefore, the above defined
3-space model remains flat for f(r) = 1 in BD gravity. Consequently, the line
element (9) turns out to be

ds® = —dt* + R(t,r)dr® + R*(t,r)(d6? + sin® 0 dp?) (10)

which is a flat model of LTB spacetime in BD gravity. The corresponding BD field
equations (2) are given as follows:
eff 1 m 1 Pm WBD ¢2
G =1, = Pleft) = E(Ttt( L1 = E(Pm +pg) = 5 = )
WBD ¢/2 (R/R2)'¢ R2 / ¢/ (b// U( )

5 & R "R R T 2

P9

G = rieff) _ pleff) _ l(Tr(m) + TT(¢)) —r _ “BD R2(]'52 _ WBD ¢/2
r T r ¢ r r ¢

2 @2 2 @2
R 97 (RRY¢ ¢ (R_Q)/R'd" U9
s "o T TRy o T\ W

R2p 2
(12)

Gf — T:(cﬁ') _ pe("ff) =GY = Tg(eﬂ) — pé)eff) - %(Tg(m) + Tf(¢))

P$ B WBD R2(,Z.52 B WBD R2R/2¢/2 N R2¢)

e 2 ¢ 2 ¢? Y

(RR) ¢ R (E)LM (13)
Ro  Ré R\ R

+
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1 1/., R wiD ¢’
Gt = ieft) — o= Zie) — — [ g/ — 4 , 14
T T ¢ T d) ¢ R,(b + ¢2 ( )
where pg, P? and Pg are the scalar field density, radial and transversal pressures,
respectively. Since the scalar as well as matter field contents are perfect fluid, so
Pr(eﬂ) = PO(EH) — Pg(}eff) — P(Cﬁ') and P(eff) = KBDp(eg), where Kgp = Doty is an

P (eff)
equation-of-state parameter. The solutions of Eqs. (11)—(13) are39:4°
F ~F o F
P(eff) R2R!’ R2R’ R (15)

Here F(t,r) is the Misner-Sharp mass function! which can be interpreted as the
total mass function of the collapsing dust cloud. According to collapse condition
R(t,r) < 0, i.e. the physical radius R is a monotonically decreasing function of ¢
and ultimately becomes zero at constant value of r.

In the context of CCH, a realistic collapse scenario requires regular initial data
(density, pressure and spacetime are free from singularity at initial epoch (¢t = 0)).
Moreover, the initial data helps in determining the values of dynamical variables
during collapse.? '2 Thus, we consider the following set of initial data for our
collapsing model

R(0,7) =1, R'(0,7) =1, F(0,r) = g (16)

Using this set of initial data, Eq. (15) implies that

peD,r)=1, PO, r) = Kgpp©®(0,r),  R(0,r) = \_/_g ,

which shows that p(¢™)(0,7) and PT(0,7) are smooth and analytic functions of
r including r = 0. We use conservation equation, T(’:; lf'f)‘u = 0, to find dynamical

variables, (p(efr), P P R R ), at any value of ¢ during collapse. The conservation
relation yields

. 2R R , 2R R
p(cff) = _p(cﬁ)(l + KBD) (F + ﬁ), Pm = —,Om<§ + ﬁ) . (17)

Integration of Eq. (17) gives
pemy (t,7) = h(0,7)(RZR™1)IHKeR) - (t,7) = k(0,r)R2R™", (18)
where
h(0,7) = (R2(0,7)R(0, 7)) +eD)
k(0,7) = pm(0,7)(R?(0,7)R(0,r)) I+ KeD)
Using Eq. (18) in the equation of state parameter, it follows that
Plesry = Kpph(0,7)(R™>R™1) (I Kee) (19)
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and from Egs. (15) and (18), we obtain

R3pesy  h(0,7)R1—2Kep) R=(14+KpD)

F 20
3 3 (20)
Inserting this value of F(t,r) in R? (15), it follows that
1
. 1 S EKgp 2K
Integration of this equation implies that
1(0,7)\ " 5550 [ 3(1+ Kpp) T ResT
, 7)) *FEBD + KBp S0+ EBD
R= = t-T 22
(MG2) A )
and its partial derivative with respect to r yields
3+ Kgp _—2KpD _
R = ————A30+Ksp) A’ 23
3(1+ Kgp) (23)

where

A:

3(1+ Kgp) ( h(0,r)\ 550
3+K§§( 5 ) (t—T(r)|.

Equation (22) represents the time dependence of the radius whereas T'(r) is
an integration function which can be obtained by using initial epoch of collapse
(R(0,r) =7) in (22) as

—1

T(r) = ( h((; r))3+KBD

3+ Kgp 3<31++é<13D)
\BD el 24
(s )r 24

The value of scalar field is found by integrating Eq. (14) as
o(t,r) = (wpp + 1) @ap D (cR+¢) @ap D , (25)
where ¢ and ¢’ are constants of integration. Equations (25) and (11) yield

WBD N—2 152 WBD N—2 /2
= B0 (R R2— B0 _(¢R R
P 2(wBD+1)(c +c) 2(wBD+1)(c +c)

B (RR?*)(cR+¢)"'R Rr? "(cR+ )1
R'R?(wpp + 1) R' ) (wep +1)R?
(cR+c)'R"  wep(cR+)2R U(®)

R'(wsp +1) (wpp + 1)? 2

The potential field is obtained by addition of radial and transversal components of
the effective stress energy tensor along with (19) and (25) as
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WBD R2¢')2 wBD[RZRIZ _ 1] ¢/ R2 ¢//

= 1S+ [1- = | =

U(¢) =~ po 5 et AR

. /
/2 R2 R/ R2 /
AL = w7 e
0] 0] R R R 0]
— 2Kpph(0,r)R—2(1+Kep) p=(1+Kep) (26)

Equations (25) and (26) indicate that during the collapse of dust cloud, the behavior
of scalar field and self-interacting potential is consistent with the physical radius
R(t,r).

In BD gravity, the only physically valid static spherically symmetric vacuum
solution is the Schwarzschild solution.?43 Thus for a physically valid spherically
symmetric collapse model, we describe the exterior region by a Schwarzschild metric
as

-1
ds* = — (1 — 2T£>dcr2 + (1 — 2F5) dr? 4+ r2(d6* +sin?0de?).  (27)
S S

Here F and r, represent the Schwarzschild mass and Schwarzschild radial coordi-
nate, respectively. In BD theory, scalar field (a source of gravity) becomes constant
in static or stationary region,*?43 therefore the matching of interior and exterior
region requires ¢ = ¢x; = const. at the hypersurface boundary X. Using Darmois
junction conditions at the ¥,3712 we obtain 7y = R(t,7.) and F(t,r.) = 2F;. The
relation F'(t,r.) = 2F, describes the total Schwarzschild mass enclosed within the
dust ball at = r.. We check the validity of weak energy condition throughout the
collapse® 12 such as

Pret)y = 0, Pett) + Plery = 0.
Using Eqs. (18) and (19) in the above inequalities, it follows that
h(0,7)(R™2R™1)IHEBR) > (28)
(1+ Kgp)h(0,r)(R2R™1)HEKe0) > (29)

where (1+ Kpp) is an even valued nonnegative number so that R~(+K80) remains
positive in the above defined inequalities. Moreover, from Egs. (15) and (23), F' > 0,
and R’ > 0, respectively. Since (1 4+ Kpp) is taken to be an even number, therefore
only that class of solutions is consistent with weak energy conditions for which Kpp
is nonnegative odd number.

3. Singularities

Singularities are the points where all physical quantities like curvature invariants,
density that measure gravitational field diverge.** In order to find singular points,
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we use the Kretschmann scalar (a curvature invariant), ® = Rag,s R*?7° which
takes the form

F/2 FE' F2
§R:12R4R’2 _32R5R’+48ﬁ' (30)
Equations (15) and (30) indicate that both density and curvature invariant diverge
whenever R = 0 or R’ = 0. This leads to two singularities: shell focusing singularity
at R = 0 and shell crossing singularity when R > 0, F” > 0 and R’ = 0. According to
CCH, the shell crossing singularity is not a physical singularity and can be avoided
by considering R’ # 0.312 Shell focusing singularities are the physical singularities
that arise when all the spherical shells of cloud are crushed to zero volume. There
are two types of shell focusing singularities, central at R(¢,7 = 0) = 0 and non-
central at R(t,r # 0) = 0. Since Eq. (22) shows that at ¢ = T'(r), physical radius of
shell goes to zero, so T'(r) in Eq. (24) represents the time of singular epoch or time
of shell focusing singularity.
The nature of singularity can be found by evaluating the time formation of ap-
parent horizon. The apparent horizon denotes the boundary of trapped null surfaces
of the spacetime?® for which the spherically symmetric spacetime is

R'R;=g"RyR; =0. (31)

Equations (10) and (31) imply that R = F which indicates the equivalence of phys-
ical radius and mass at apparent horizon. Using R(tap,7) = F(tap,r) in Eq. (22),
we obtain

—1
3+ Kgp 30+ Kpp) h(O, 7“) 3+Kpp
tap =T(r) — | =—————— (F tap,7) 3TE —_— . 32

o =00~ (51 gy ) (e 55 (25 .
This is the time formation of apparent horizon which implies that t., < 7'(r),

i.e. apparent horizon is formed earlier than singularity at R(7T'(r),r) = 0, leading
to hidden singularity, i.e. BH. Furthermore, R(tap,0) = F'(tap, 0) implies that

3+ Kpp sa+xpp)\ [ R(0,7) FRED
tap = T(0) — [ =8PV (F(t.,,0) 3K AT .
»=T0) (3(1+KBD)>< (tap, 0) #7700 )( 3 (33)

Since according to the energy conditions, the value of Kpp is nonnegative odd
number, so the second term in the above equation becomes zero and hence t,, =
T'(0), which indicates the possibility of naked singularity at symmetric center.

In order to confirm the nakedness of central singularity, we analyze the existence
of outgoing radial null geodesics that are emanating from central singularity.®4°

Any radial null geodesic traveling outwards from the center satisfies

dt
ol R, 0 = const. , ¢ = const. , (34)
which implies that
dR .
— =R(1+R). 35
R wa+ i) (39)
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scalar field
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Fig. 1. (color online) Plot of BD scalar field vs. R(t,r) for wgp = 5 (blue), wgp = 3 (purple),
WBD = %3 (green), wpp = % (black) and wpp = 0 (yellow) with c =1, ¢/ = 0.

To investigate the existence of radial null geodesics at the symmetric center, we
consider a new variable v = 7% such that 8 > 1 and f—,l remains a unique finite
term at r — 0. In this case, Eq. (35) yields

dR R’

o = BT (L+R). (36)

If there exist outgoing radial null geodesics terminating in the past at the singularity
with a definite tangent, we have 42 > 0 when R — 0, 7 — 0. Equations (21) and

(36) imply that
. (dR)
lim — ) = -0
R—0,r—0 dv

and hence there is no radial null geodesics emanating from the symmetric center
which leads to hidden central singularity. Thus in both cases, non-central and cen-
tral shell focusing singularities are hidden within event horizon forming a BH. We
plot the scalar field (25) for different values of wgp and R(t, r) near singularities as
shown in Fig. 1.

4. Conclusion

In this paper, we have studied gravitational collapse of inhomogeneous dust cloud
in BD theory with perfect fluid by taking suitable initial data. The equations of
continuity have been used to obtain values of the effective density, effective pressure
and matter density. We have found a class of collapse solutions of flat LTB model
that depend on the parameters Kpp, wpp and the physical radius R(¢,7).

We have also investigated the time formation of apparent horizon and singular
epoch with the help of Eq. (22) which depends on r rather than constant con-
trary to the Friedmann collapse case. We have also checked the validity of weak
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energy conditions (28) and (29) for LTB model. The shell focusing and shell cross-
ing singularities are explored and the end state of dust collapse is discussed which
is consistent with CCH. Finally, the scalar field is shown as a function of physi-
cal radius and its behavior is studied near singularities for different values of wpp
graphically. The potential field (33) depending on physical radius R(¢, ) is obtained
with the help of effective energy—momentum tensor. It is mentioned here that col-
lapse solutions of flat LTB model do not allow the formation of naked singularities
in the presence of pressure due to scalar field. Hence the final fate of a dust turns
out to be a BH in BD gravity but such singularities cannot be formed in GR.3 12
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