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1. Introduction and preliminaries

Let ðX; dÞ be a metric space and CBðXÞ be a family of all nonempty closed and bounded subsets of X. A Hausdorff metric H
induced by the metric d of X is given by
HðA;BÞ ¼max sup
x2A

dðx;BÞ; sup
y2B

dðy;AÞ
( )
for every A;B 2 CBðXÞ. A multi-valued mapping T : X ! CBðXÞ is said to be a contraction if there exists a constant k 2 ½0;1Þ
such that for any x; y 2 X,
HðTx; TyÞ 6 kdðx; yÞ:
A point x 2 X is called a fix d point of T if x 2 Tx. In 1969 Nadler [19] obtained the following multi-valued version of Banach
contraction principle.

Theorem 1.1. Let ðX; dÞ be a complete metric space and T : X ! CBðXÞ be a contraction. Then T has a fixed point.
Nadler’s multi-valued contraction theorem [19] (see also [9]) was subsequently generalized among others by [6–

8,21,17,11,22,15,16]. Recently Djorić and Lazović [12] proved the following Suzuki type fixed point theorem.

Theorem 1.2 [12]. Let ðX; dÞ is a complete metric space and T : X ! CBðXÞ. If there exist 0 6 r < 1 and a non-increasing function
u from ½0;1Þ into ð0;1� defined by
. All rights reserved.
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uðrÞ ¼
1 0 6 r < 1

2

1� r 1
2 6 r < 1

(
ð1:1Þ
and
uðrÞdðx; TxÞ 6 dðx; yÞ implies

HðTx; TyÞ 6 r max dðx; yÞ;dðx; TxÞ; dðy; TyÞ; dðx; TyÞ þ dðy; TxÞ
2

� �
for all x; y 2 X, then T has a fixed point.

The concept of b-metric space was introduced by Czerwik in [10]. Several fixed point results for single and multi-valued
mappings have been established in the framework of b-metric spaces (see [4,10,24]). In this paper we obtain Kikkawa-Suzuki
type fixed point theorems for multi-valued mappings by using two b-metrics. Our results extend and unify recently obtained
results for multi-valued mappings. Moreover, using these results we have shown the existence of solution of functional
equation arising in dynamic programming.

Definition 1.3 [10]. Let X be any nonempty set and s P 1 be a given real number. A mapping d : X � X ! Rþ is said to be a b-
metric if and only if for all x; y; z 2 X, the following conditions are satisfied:
ðd1Þ dðx; yÞ ¼ 0 if and only if x ¼ y;
ðd2Þ dðx; yÞ ¼ d y; xð Þ;
ðd3Þ dðx; zÞ 6 s½dðx; yÞ þ dðy; zÞ�.
A pair ðX; dÞ is called a b-metric space. Following are some examples of b-metric spaces.
Example 1.4 [4]. The space lp ¼ fðxnÞn2N � Rg, where
P1

n¼1xn <1g; 0 < p < 1ð Þ, together with the mapping d : lp � lp ! R
defined by
dðx; yÞ ¼
X1
n¼1

jxn � ynj
p

 !1=p
is a b-metric. Note that
dðx; zÞ 6 21=p½dðx; yÞ þ dðy; zÞ�
with s ¼ 21=p > 1.
Example 1.5 [4]. The space Lpð0 < p < 1Þ of all real functions xðtÞ; t 2 ½0;1� such that
R 1

0 xðtÞj jpdt <1 is a b-metric space
equipped by b-metric given by
dðx; yÞ ¼
Z 1

0
jxðtÞ � yðtÞjpdt

� �1=p

:

The constant s is same as obtained in the previous example.
Definition 1.6. Let ðX; dÞ be a b-metric space. A sequence fxngn2N in X is called:

(a) Cauchy if and only if for � > 0, there exists nð�Þ 2 N such that for each n;m P nð�Þ we have dðxn; xmÞ < �.
(b) Convergent if and only if there exists x 2 X such that for all � > 0 there exists nð�Þ 2 N such that for all n P nð�Þ we

have dðxn; xÞ < �. In this case we write limn!1 xn ¼ x.

It is known that a sequence fxngn2N in b-metric space X is Cauchy if and only if limn!1 dðxn; xnþpÞ ¼ 0 for all p 2 N. A se-
quence fxngn2N is convergent to x 2 X if and only if limn!1 dðxn; xÞ ¼ 0. A subset Y � X is called closed if and only if for each
sequence fxngn2N in Y which converges to an element x, we have x 2 Y . A subset Y � X is called bounded if diamðYÞ is finite,
where
diam : PðXÞ ! Rþ [ f1g; diamðYÞ ¼ sup dða; bÞ; a; b 2 Yf g
is the generalized diameter functional, where PðXÞ is the collection of all nonempty subsets of a b-metric space. A b-metric
space ðX; dÞ is said to be complete if every Cauchy sequence in X is convergent in X. In the sequel, we denote CBðXÞ by set of all
closed and bounded subsets of a b-metric space ðX; dÞ. In consistent with Monica [18], let D : PðXÞ � PðXÞ ! Rþ [ f1g be
defined by
DðA;BÞ ¼ inf dða; bÞja 2 A; b 2 Bf g
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for any A;B � X, here D is called the gap functional between A and B. In particular if x0 2 X, then
Dðx0;BÞ :¼ Dðfx0g;BÞ:
Let H : PðXÞ � PðXÞ ! Rþ [ f1g be defined by
HðA;BÞ ¼max sup
x2A

Dðx;BÞ; sup
y2B

DðA; yÞ
( )
for any A;B � X. Here H is called (generalized) Pompeiu–Hausdorff functional between A and B. We state the following
known results from [10] needed in the sequel.

Lemma 1.7. Let ðX; dÞ be a b-metric space. We have following:

(i) For A 2 PðXÞ and x 2 X,
Dðx;AÞ 6 s½dðx; yÞ þ Dðy;AÞ�; for all x; y 2 X:
(ii) For fxngn
k¼0 � X,
dðxn; x0Þ 6 sdðx0; x1Þ þ � � � þ sn�1dðxn�2; xn�1Þ þ sn�1dðxn�1; xnÞ:
(iii) For A;B;C 2 PðXÞ we have
HðA;CÞ 6 s½HðA;BÞ þ HðB;CÞ�:
(iv) For A;B 2 CLðXÞ. Then for each a > 0 and for all b 2 B there exists a 2 A such that
dða; bÞ 6 HðA;BÞ þ a;
A;B 2 CBðXÞ. Also for all b 2 B there exists a 2 A such that
dða; bÞ 6 sHðA;BÞ:
Remark. Let ðX; dÞ be a b-metric space. Then DðA;BÞ and HðA;BÞ will be denoted throughout in this work by DdðA;BÞ and
HdfdgðA;BÞ, respectively with respect to b-metric space ðX; dÞ.
2. Fixed point theorems

Now we shall prove our main fixed point theorem.

Theorem 2.1. Let X be a nonempty set, d and q be two b-metrics on X with constants s P 1 and t P 1, respectively and
T : X ! CBðXÞ. Let u : ½0;1Þ ! ð0;1� be defined as in Theorem 1.2, that is,
uðrÞ ¼
1 0 6 r < 1

2

1� r 1
2 6 r < 1

(
ð2Þ
Suppose that ðX; dÞ is a complete b-metric space and there exists c > 0 such that dðx; yÞ 6 cqðx; yÞ for all x; y 2 X. If there
exist 0 6 r < minf1

t ;
1
sg such that for all x; y 2 X
uðrÞ
t

Dqðx; TxÞ 6 qðx; yÞ implies HqðTx; TyÞ 6 r
t

MT
qðx; yÞ ð2:1Þ
and
uðrÞ
s

Ddðx; TxÞ 6 dðx; yÞ implies HdðTx; TyÞ 6 r
s

MT
dðx; yÞ; ð2:2Þ
where
MT
qðx; yÞ ¼max qðx; yÞ;Dqðx; TxÞ;Dqðy; TyÞ;Dqðx; TyÞ þ Dqðy; TxÞ

2

� �
and
MT
dðx; yÞ ¼max dðx; yÞ;Ddðx; TxÞ;Ddðy; TyÞ;Ddðx; TyÞ þ Ddðy; TxÞ

2

� �
Then T has a fixed point.
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Proof. Suppose that r1 and q are real numbers such that 0 6 r < r1 < 1 and 1 < q < 1
tr1

. Let u1 2 X and u2 2 Tu1. Then there
exists u3 2 Tu2 such that
qðu2;u3Þ 6 qHqðTu1; Tu2Þ:

Since uðrÞ

t < 1, then we have
uðrÞ
t

Dqðu1; Tu1Þ 6 Dqðu1; Tu1Þ 6 qðu1; u2Þ:
Now from (2.1) we have
qðu2;u3Þ 6 qHqðTu1; Tu2Þ 6
rq
t

max qðu1;u2Þ;Dqðu1; Tu1Þ;Dqðu2; Tu2Þ;
Dqðu1; Tu2Þ þ Dqðu2; Tu1Þ

2

� �

6
r1q

t
max qðu1;u2Þ;qðu2;u3Þ;

1
2
qðu1;u3Þ

� �
:

Thus
qðu2;u3Þ 6
r1q

t
max qðu1;u2Þ;qðu2;u3Þ;

1
2
qðu1;u3Þ

� �
: ð2:2aÞ
If maxfqðu1;u2Þ;qðu2; u3Þ; 1
2 qðu1;u3Þg ¼ qðu1;u2Þ, then from (2.2a),
qðu2;u3Þ 6
r1q

t
qðu1;u2Þ:
If maxfqðu1;u2Þ;qðu2; u3Þ; 1
2 qðu1;u3Þg ¼ qðu2;u3Þ, then
qðu2;u3Þ 6
r1q

t
qðu2;u3Þ
implies that qðu2;u3Þ ¼ 0 which further implies that u3 ¼ u2 2 Tu2.
If maxfqðu1;u2Þ;qðu2; u3Þ; 1

2 qðu1;u3Þg ¼ 1
2 qðu1;u3Þ, then from (2.2a) we have
qðu2;u3Þ 6
r1q
2t

qðu1;u3Þ 6
r1qt
2t

qðu1;u2Þ þ
r1qt
2t

qðu2;u3Þ
and hence
qðu2;u3Þ 6
r1q

2� r1q
qðu1; u2Þ:
Therefore,
qðu2;u3Þ 6 max
r1q

t
;

r1q
2� r1q

� �
qðu1; u2Þ:
Continuing this process, we obtain a sequence fung in X such that unþ1 2 Tun and
qðun;unþ1Þ 6 max
r1q

t

� �n�1
;

r1q
2� r1q

� �n�1
( )

qðu1;u2Þ for every n 2 N: ð2:2bÞ
Since r1q < 1=t and t > 1 imply
r1q
t
<

1
t2 <

1
2t � 1

;

r1q
2� r1q

<
1=t

2� 1=t
¼ 1

2t � 1
;

then
max
r1q

t
;

r1q
2� r1q

� �
<

1
2t � 1

:

Put
k ¼ 1
2t � 1

:

Then from (2.2b) we have
qðun;unþ1Þ 6 kn�1qðu1; u2Þ for every n 2 N: ð2:2cÞ
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Since 1 < t, then we have k < 1. Moreover,
tk ¼ t
2t � 1

< 1:
Now, we shall show that fung is a Cauchy sequence. From (ii) in Lemma 1.7 and (2.2c) we have
qðun;unþpÞ 6 tqðun; unþ1Þ þ t2qðunþ1; unþ2Þ þ � � � þ tp�1qðunþp�2;unþp�1Þ þ tp�1qðunþp�1;unþpÞ

6 tðkÞn�1qðu1;u2Þ þ t2ðkÞnqðu1; u2Þ þ � � � þ tp�1ðkÞnþp�3qðu1;u2Þ þ tp�1ðkÞnþp�2qðu1;u2Þ

6 tðkÞn�1qðu1;u2Þ 1þ tkþ � � � þ ðtkÞp�2 þ 1
t
ðtkÞp�1

� 	
6 tðkÞn�1qðu1;u2Þ½1þ tkþ � � � þ ðtkÞp�2 þ ðtkÞp�1�:
Since tk < 1, then we get
qðun;unþpÞ 6 tðkÞn�1qðu1;u2Þ
1� ðtkÞp

1� tk
:

Hence it follows,
lim
n!1

qðun;unþpÞ 6 lim
n!1

tðkÞn�1qðu1;u2Þ
1� ðtkÞp

1� tk
¼ 0
for all p 2 f1;2;3; . . .g. Therefore, we proved that fung is a Cauchy sequence in ðX;qÞ. Now dðx; yÞ 6 cqðx; yÞ implies that fung
is also a Cauchy sequence in ðX; dÞ. By completeness of X, there exist z 2 X such that
lim
n!1

un ¼ z:
Now we shall show that
Ddðz; TxÞ 6 r
s

maxfdðz; xÞ;Ddðx; TxÞg for all x – z: ð2:3Þ
As limn!1 un ¼ z, there exist a positive integer n0 2 N such that dðz;unÞ 6 ½1=ð3sÞ�dðz; xÞ for all n P n0. Since unþ1 2 Tun, then
we have
uðrÞ
s

Ddðun; TunÞ 6
1
s

Ddðun; TunÞ 6
1
s

dðun; unþ1Þ 6 dðun; zÞ þ dðz;unþ1Þ:
Hence for any n P n0,
uðrÞ
s

Ddðun; TunÞ 6
2
3s

dðz; xÞ:
Since
2
3s

dðz; xÞ ¼ 1
s

dðz; xÞ � 1
3s

dðz; xÞ 6 1
s

dðz; xÞ � dðun; zÞ 6 dðun; xÞ;
then we have
uðrÞ
s

Ddðun; TunÞ 6 dðun; xÞ:
Now from (2.2),
Ddðunþ1; TxÞ 6 HdðTun; TxÞ 6 r
s

max dðun; xÞ;Ddðun; TunÞ;Ddðx; TxÞ;Ddðun; TxÞ þ Ddðx; TunÞ
2

� �

6
r
s

max dðun; xÞ; dðun; unþ1Þ;Ddðx; TxÞ;Ddðun; TxÞ þ dðx;unþ1Þ
2

� �
:

Letting n tends to infinity we get
Ddðz; TxÞ 6 r
s

max dðz; xÞ;Ddðx; TxÞ;Ddðz; TxÞ þ dðx; zÞ
2

� �
: ð2:3aÞ
If we suppose that (2.3) does not hold, that is, that
Ddðz; TxÞ > r
s

maxfdðz; xÞ;Ddðx; TxÞg; ð2:3bÞ
then from (2.3a),
Ddðz; TxÞ 6 r
s

Ddðz; TxÞ þ dðx; zÞ
2

:
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Hence we get, as r < 1 6 s,
Ddðz; TxÞ 6 r
2s� r

dðx; zÞ < r
s

dðx; zÞ 6 r
s

maxfdðz; xÞ;Ddðx; TxÞg:
This is in contradiction with (2.3b). Therefore, from (2.3a) we have that (2.3) holds for all x – z.
Now we shall prove that z 2 Tz.
Consider at first the case 0 6 r < 1=2. Suppose, to the contrary, that z R Tz. Then, we can choose a 2 Tz such that
2rdða; zÞ < Ddðz; TzÞ: ð2:4Þ
As a 2 Tz and z R Tz imply a – z, then from (2.3) with x ¼ a,
Ddðz; TaÞ 6 r
s

maxfdðz; aÞ;Ddða; TaÞg: ð2:5Þ
Since a 2 Tz and uðrÞ
s Ddðz; TzÞ 6 Ddðz; TzÞ 6 dðz; aÞ, then from (2.2) we have
HdðTz; TaÞ 6 r
s

max dðz; aÞ;Ddðz; TzÞ;Ddða; TaÞ;Ddðz; TaÞ þ Ddða; TzÞ
2

� �
6

r
s

max dðz; aÞ;dðz; aÞ;Ddða; TaÞ;Ddðz; TaÞ
2

� �

6
r
s

max dðz; aÞ;Ddða; TaÞ;Ddðz; TaÞ
2

� �
:

Hence, and by (2.5), we get
HdðTz; TaÞ 6 r
s

max dðz; aÞ;Ddða; TaÞf g: ð2:6Þ
Since a 2 Tz, then Ddða; TaÞ 6 HdðTz; TaÞ. Therefore, from (2.6) we have
HdðTz; TaÞ 6 r
s

max dðz; aÞ;HdðTz; TaÞf g:
Hence, as r=s < 1,
HdðTz; TaÞ 6 r
s

dðz; aÞ: ð2:7Þ
From (2.7),
Ddða; TaÞ 6 dðz; aÞ:
Now by (2.5), (2.7) and (2.4) we have
Ddðz; TzÞ 6 sDdðz; TaÞ þ sHdðTz; TaÞ 6 r maxfdðz; aÞ;Ddða; TaÞg þ rdðz; aÞ ¼ rdðz; aÞ þ rdðz; aÞ < Ddðz; TzÞ:
This is a contradiction. Thus we proved that z 2 Tz.
Consider now the case 1

2 6 r < 1. We shall prove that
HdðTx; TzÞ 6 r
s

max dðx; zÞ;Ddðx; TxÞ;Ddðz; TzÞ;Ddðx; TzÞ þ Ddðz; TxÞ
2

� �
ð2:8Þ
for all x 2 X. If x ¼ z then (2.8) holds trivially. So, assume that x – z. Then for each n 2 N, there exists yn 2 Tx such that
dðz; ynÞ < Ddðz; TxÞ þ 1
n

dðx; zÞ:
Then by the b-triangle inequality we have
Ddðx; TxÞ 6 dðx; ynÞ 6 sdðx; zÞ þ sdðz; ynÞ < sdðx; zÞ þ sDdðz; TxÞ þ s
n

dðx; zÞ:
Hence, by (2.3),
Ddðx; TxÞ < sdðx; zÞ þ r maxfdðz; xÞ;Ddðx; TxÞg þ s
n

dðx; zÞ: ð2:8aÞ
If maxfdðz; xÞ;Ddðx; TxÞg ¼ dðx; zÞ, then from (2.8),
Ddðx; TxÞ < sdðx; zÞ þ rdðz; xÞ þ s
n

dðx; zÞ < sdðx; zÞ þ rsdðz; xÞ þ s
n

dðx; zÞ < sð1þ rÞ þ s
n

h i
dðx; zÞ:
This implies
1
sð1þ rÞDdðx; TxÞ < 1þ 1

ð1þ rÞn

� 	
dðx; zÞ:
Hence, as uðrÞ ¼ 1� r, we have
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uðrÞ
s

Ddðx; TxÞ ¼ 1� r
s

Ddðx; TxÞ 6 1
sð1þ rÞDdðx; TxÞ < 1þ 1

ð1þ rÞn

� 	
dðx; zÞ:
On taking limit as n tends ad infinity we obtain
uðrÞ
s

Ddðx; TxÞ 6 dðx; zÞ:
Then from (2.2) with y ¼ z we get (2.8).
If dðx; zÞ < Ddðx; TxÞ, then from (2.8a),
Ddðx; TxÞ 6 sdðx; zÞ þ rDdðx; TxÞ þ s
n

dðx; zÞ:
Hence
ð1� rÞ
s

Ddðx; TxÞ 6 1þ 1
n

� �
dðx; zÞ:
Letting n tends ad infinity we get
ð1� rÞ
s

Ddðx; TxÞ 6 dðx; zÞ;
that is,
uðrÞ
s

Ddðx; TxÞ 6 dðx; zÞ:
Then again from (2.2) with y ¼ z we get (2.8). Thus we proved that (2.8).
From (2.8) with x ¼ un we have
Ddðunþ1; TzÞ 6 HdðTun; TzÞ 6 r
s

max dðun; zÞ;Ddðun; TunÞ;Ddðz; TzÞ;Ddðun; TzÞ þ Ddðz; TunÞ
2

� �

6
r
s

max dðun; zÞ; dðun;unþ1Þ;Ddðz; TzÞ;Ddðun; TzÞ þ dðz;unþ1Þ
2

� �
:

Letting n tends ad infinity we obtain
Ddðz; TzÞ 6 r
s

Ddðz; TzÞ:
Hence, as r
s < 1, we have Ddðz; TzÞ ¼ 0. Since Tz is closed, then z 2 Tz.

Example 2.1. We know that ðlp; dÞ, where 0 < p < 1,
lp ¼ ðxnÞ � R
X1
n¼1

xnj jp <1







( )
;

d : lp � lp ! R is defined by
dðx; yÞ ¼
X1
n¼1

xn � ynj jp
 !1=p

;

where x ¼ ðxnÞ; y ¼ ðynÞ 2 lp, is a b-metric space with s ¼ 21=p. Let X � l2 be defined by
X ¼ fx1 ¼ ð 1

26 ;0; 0; . . .Þ; x2 ¼ ð0;1;0; . . .Þ; x3 ¼ ð0;0; 1
26 ; . . .Þg and ðX; dÞ be the subspace of lp. Consider qðx; yÞ ¼ 2dðx; yÞ. Both d

and q are b-metric spaces with s ¼ 2
1
2 and t ¼ 2

3
2. It is noted that dðx; yÞ 6 cqðx; yÞ holds for any c P 1

2. Let uðrÞ be defined
as in Theorem 2.1. Define T : X ! CBðXÞ as follows:
Tx ¼
fx1; x3g when x – x2

fx1g when x ¼ x2

�

Let as take r ¼ 1
3. Then uðrÞ ¼ 1 and 0 < r < minfð2

1
2Þ�1

; ð2
3
2Þ�1g < 1. Note that for x ¼ x1 or x3, we have Dqðx; TxÞ ¼ 0. For

x ¼ x2
Dqðx2; Tx2Þ ¼ Dqðx2; fx1gÞ ¼ qðx2; x1Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

212 þ 1

s
� 1:000122:
So for x ¼ x2 and for all y – x2, we have
qðx2; yÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

212 þ 1

s
� 1:000122:
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This implies that uðrÞ
t Dqðx2; Tx2Þ � 1:000122

2
3
2
� 0:3536. Hence for all x – y,
uðrÞ
t

Dqðx; TxÞ 6 qðx; yÞ
holds. For x 2 fx1; x3g, and y 2 fx1; x3g we have HqðTx; TyÞ ¼ 0. Now
HqðTx1; Tx2Þ ¼ Hqðfx1; x3g; fx1gÞ ¼ qðx1; x3Þ ¼

ffiffiffiffiffiffiffi
1

211

s
� 0:0221:
Also, we have
HqðTx1; Tx2Þ ¼ HqðTx2; Tx1Þ ¼ HqðTx2; Tx3Þ ¼ HqðTx3; Tx2Þ:
As qðx1; x2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

212 þ 1
q

� 1:000122 and r
t ¼ 1

3ð2Þ
3
2
� 0:11785, and r

t qðx1; x2Þ ¼ 0:11786. This implies
HqðTx1; Tx2Þ 6
r
t
qðx1; x2Þ:
Hence for all x; y 2 X
uðrÞ
t

Dqðx; TxÞ 6 qðx; yÞ implies HqðTx; TyÞ 6 r
t

MT
qðx; yÞ
holds true where
MT
qðx; yÞ ¼ max qðx; yÞ;Dqðx; TxÞ;Dqðy; TyÞ;Dqðx; TyÞ þ Dqðy; TxÞ

2

� �
:

Similarly, it can be shown that for all x; y 2 X,
uðrÞ
s

Ddðx; TxÞ 6 dðx; yÞ implies HdðTx; TyÞ 6 r
s

MT
dðx; yÞ:
Hence all the conditions of Theorem (2.1) are satisfied. Moreover, x1 and x3 are fixed points of T.
From Theorem (2.1) we have the following corollaries.

Corollary 2.2. Let X is a non-empty set, d and q be two b-metrics on X with constants s P 1 and t P 1 respectively. Let
u : ½0;1Þ ! ð0;1� be defined as in Theorem 2.1. Suppose that ðX; dÞ is complete b-metric space and there exists c > 0 such that
dðx; yÞ 6 cqðx; yÞ for all x; y 2 X. Assume there exist 0 6 r < minf1

t ;
1
sg < 1, such that T : X ! CBðXÞ satisfies
uðrÞ
t

Dqðx; TxÞ 6 qðx; yÞ implies HqðTx; TyÞ 6 r
t

maxfqðx; yÞ;Dqðx; TxÞ;Dqðy; TyÞg ð2:9Þ

uðrÞ
s

Ddðx; TxÞ 6 dðx; yÞ implies HdðTx; TyÞ 6 r
s

maxfdðx; yÞ;Ddðx; TxÞ;Ddðy; TyÞg: ð2:10Þ
for all x; y 2 X. Then T has a fixed point.
Corollary 2.3. Let X is a nonempty set, d and q be two b-metrics on X with constants s > 1 and t > 1 respectively. Let
u : ½0;1Þ ! ð0;1� be defined as in Theorem 2.1. Suppose that ðX; dÞ is a complete b-metric space and there exists c > 0 such that
dðx; yÞ 6 cqðx; yÞ for all x; y 2 X. Assume there exist Let a; b; c; d 2 ½0;1Þ and r ¼ aþ bþ cþ 2d ¼ r < minf1

t ;
1
sg such that

T : X ! CBðXÞ satisfies
uðrÞ
t

Dqðx; TxÞ 6 qðx; yÞ implies

HqðTx; TyÞ 6 1
t
½aqðx; yÞ þ bDqðx; TxÞ þ cDqðy; TyÞ þ 2dðDqðx; TyÞ þ Dqðy; TxÞÞ� ð2:11Þ
and
uðrÞ
s

Ddðx; TxÞ 6 dðx; yÞ implies

HdðTx; TyÞ 6 1
s

adðx; yÞ þ bDdðx; TxÞ þ cDdðy; TyÞ½ � þ 2dðDdðx; TyÞ þ Ddðy; TxÞÞ� ð2:12Þ
for all x; y 2 X. Then T has a fixed point.
For single-valued mappings we have the following result.
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Corollary 2.4. Let X be a nonempty set, d and q be two b-metrics on X with constants s P 1 and t P 1 respectively. Let uðrÞ be
defined as in Theorem 2.1. Suppose that ðX; dÞ is a complete b-metric space and there exists c > 0 such that dðx; yÞ 6 cqðx; yÞ for all
x; y 2 X. Assume there exist 0 6 r < minf1

t ;
1
sg such that T : X ! X satisfies
uðrÞ
t

qðx; TxÞ 6 qðx; yÞ ) qðTx; TyÞ 6 r
t

mT
qðx; yÞ; ð2:13Þ
and
uðrÞ
s

dðx; TxÞ 6 dðx; yÞ ) dðTx; TyÞ 6 r
s

mT
dðx; yÞ; ð2:14Þ
for all x; y 2 X, where
mT
qðx; yÞ ¼max qðx; yÞ;qðx; TxÞ;qðy; TyÞ;qðx; TyÞ þ qðy; TxÞ

2

� �
;

mT
dðx; yÞ ¼max dðx; yÞ;dðx; TxÞ; dðy; TyÞ;dðx; TyÞ þ dðy; TxÞ

2

� �
:

Then T has a fixed point. Now we give an example where Theorem 2.1 of [12] can not be applied, whereas our Theorem 2.1 is
applicable.

Example 2.5. Let X ¼ f0;1;2g and d : X � X ! R be defined as
dð0;1Þ ¼ 2; dð1;2Þ ¼ 1
2
; dð0;2Þ ¼ 1;

dð0;0Þ ¼ dð1;1Þ ¼ dð2;2Þ ¼ 0;
dða; bÞ ¼ dðb; aÞ for all a; b 2 X:
Note that
2 ¼ dð0;1Þidð0;2Þ þ dð2;1Þ ¼ 1þ 1
2

Hence ðX; dÞ is not a metric space. Indeed ðX; dÞ is a b-metric space with s ¼ 4
3 > 1. For simplicity, let a b-metric q be defined

by qðx; yÞ ¼ dðx; yÞ. Then t ¼ s, and we will use the notations Dd ¼ Dq ¼ d and Hd ¼ Hq ¼ H. Let uðrÞ be given as in Theo-
rem 2.1. Define T : X ! CBðXÞ as follows:
Tx ¼
f0;2g when x – 1
f0g when x ¼ 1

�

If we take r ¼ 7
9 <

1
s, then uðrÞ ¼ 2

9. Note that for x ¼ 0 or 2, we have dðx; TxÞ ¼ 0. For x ¼ 1; dð1; T1Þ ¼ 2. Since
maxfdðx; TxÞ : x 2 Xg ¼ 2; minfdðx; yÞ : x; y 2 Xg ¼ 1
2

and as uðrÞ
s ¼ 1

6, we have that
uðrÞ
s

dðx; TxÞ 6 dðx; yÞ
holds for all x; y 2 X. For x 2 f0;2g, and y 2 f0;2g we have HðTx; TyÞ ¼ 0. Now, as
HðT1; T2Þ ¼ HðT1; T0Þ ¼ Hðf0g; f0;2gÞ ¼ 1;
we have
HðT1; T2Þ < 7
8
� 2 ¼ r

s
dð1; T1Þ ¼ r

s
MTð1;2Þ;

HðT1; T0Þ < 7
8
� 2 ¼ r

s
dð1;0Þ ¼ r

s
MTð0;1Þ:
Therefore, for all x; y 2 X
uðrÞ
s

dðx; TxÞ 6 dðx; yÞ implies HðTx; TyÞ 6 r
s

MTðx; yÞ:
So all the conditions of Theorem 2.1 are satisfied. Moreover, 0 and 2 are fixed points of T.
On the other hand, if we take usual metric d on X, then again
uðrÞdðx; TxÞ 6 dðx; yÞ
holds for all x; y 2 X. Now for x ¼ 1 and y ¼ 2 we have
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HðT1; T2Þ ¼ Hðf0g; f0;2gÞ ¼ 2:
Also,
dð1;2Þ ¼ 1; dð1; T1Þ ¼ 1; dð2; T2Þ ¼ 0; dð1; T2Þ ¼ 1; dð2; T1Þ ¼ 2;
implies that Mð1;2Þ ¼ 3
2, where
MTðx; yÞ ¼max dð1;2Þ;dð1; T1Þ;dð2; T2Þ;dð1; T2Þ þ dð2; T1Þ
2

� �
¼max 1;1;0;

1þ 2
2

� �
¼ 3

2
:

Thus
HðT1; T2Þ ¼ 2i
r
1
� 3
2
¼ rMð1;2Þ
for any r 2 ½0;1Þ. So Theorem 2.1 of Djorić and Lazović in [12] is not applicable in this case.

Remark. If we take q ¼ d and s ¼ t ¼ 1 in Theorem 2.1, then it reduces to the Theorem 2.1 of [12]. Moreover, Theorem 2.1
provides the answer to the Question 1 posed in [25] in spaces endowed with b-metrics.

Corollary 2.2 is the generalization of Corollary 2.1 in [12] and therefore it further generalizes Theorem 2.2 in [15] and
Kannan fixed point theorem in [14].

Corollary 2.4 extends Corollary 2.3 in [12], which in turn becomes the generalization of results in [14] and Theorem 3.1 in
[13].

3. Applications

In this section we assume U and V are Banach spaces, W # U and D # V . Let R be the field of real numbers, s : W � D!W ,
g : W � D! R, and G : W � D� R! R. Consider here W and D as the state and decision spaces respectively. It is known that
the problem of dynamic programming related to multistage process reduces to the problem of solving the functional
equation:
pðxÞ :¼ sup
y2D
fgðx; yÞ þ Gðx; y; pðsðx; yÞÞÞg; x 2W : ð3:1Þ
For the detailed background of the problem (see [2,3,5,1,20,23]). In this section, we study the existence of solution of the
functional Eq. (3.1).

Let BðWÞ denote the set of all bounded real-valued functions on W. For an arbitrary h 2 BðWÞ, define hk k ¼ sup
x2W

hxj j. Then
ðBðWÞ; �k kÞ is a Banach space endowed with the metric
qBðh; kÞ ¼ sup
x2W

hx� kxj j;
where h; k 2 BðWÞ.
Suppose that the following conditions hold:
ðDT � 1Þ G; g are bounded.
ðDT � 2Þ Let dB ¼ kqB for k > 0, then dBðh; kÞ 6 cqBðh; kÞ is satisfied for any c P k > 0. dB and dB are b-metrics on BðWÞwith

any constants s > 1 and t > 1 respectively.
ðDT � 3Þ uðrÞ be defined as in Section (1) and for h; k 2 BðWÞ and x; z 2W . Let T be defined as
TðhxÞ :¼ sup
y2D
fgðx; yÞ þ Gðx; y;hðsðx; yÞÞÞg: ð3:2Þ
There exist 0 6 r < minf1
t ;

1
sg such that
uðrÞ
t

qBðh; ThÞ 6 qBðh; kÞ ) Gðx; y;hzÞ � Gðx; y; kzÞj j 6 r
t

mT
qB
ðhz; kzÞ
and
uðrÞ
s

dBðh; ThÞ 6 dBðh; kÞ ) Gðx; y;hzÞ � Gðx; y; kzÞj j 6 r
s

mT
dB
ðhz; kzÞ;
where
mT
qB
ðhz; kzÞ ¼max qBðhz; kzÞ;qBðhz; ThzÞ;qBðkz; TkzÞ;qBðhz; TkzÞ þ qBðkz; ThzÞ

2

� �
ð3:3Þ
and, similarly,
mT
dB
ðhz; kzÞ ¼max dBðhz; kzÞ;dBðhz; ThzÞ;dBðkz; TkzÞ;dBðhz; TkzÞ þ dBðkz; ThzÞ

2

� �
: ð3:3aÞ
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Theorem 3.1. Assume that the conditions ðDT � 1Þ � ðDT � 3Þ are satisfied. Then the functional Eq. (3.1) has a unique bounded
solution.
Proof. Notice that ðBðWÞ;qBÞ is a complete metric space, where qB is the metric induced by the supremum norm on BðWÞ. T
is a self map of BðWÞ. Let k be an arbitrary positive number and h1;h2 2 BðWÞ. Pick x 2W and choose y1; y2 2 D such that
Th1x < gðx; y1Þ þ Gðx; y1; h1ðsðx; y1ÞÞÞ þ k; ð3:4Þ

Th2x < gðx; y2Þ þ Gðx; y2; h2ðsðx; y2ÞÞÞ þ k: ð3:5Þ
Further
Th1x P gðx; y2Þ þ Gðx; y2;h1ðsðx; y2ÞÞÞ
and
Th2x P gðx; y1Þ þ Gðx; y1;h2ðsðx; y1ÞÞÞ:
Then from (3.4) and (3.7) implies
Th1x� Th2x < Gðx; y1;h1ðsðx; y1ÞÞÞ � Gðx; y1;h2ðsðx; y2ÞÞÞ þ k 6 Gðx; y1;h1ðsðx; y1ÞÞÞ � Gðx; y1;h2ðsðx; y2ÞÞÞj j þ k

6
r
t

mT
qB
ðh1x; h2xÞ þ k ð3:8Þ
and from (3.5) and (3.6),
Th2x� Th1x 6
r
t

mT
qB
ðh1x; h2xÞ þ k: ð3:9Þ
So from (3.8) and (3.9), we have
Th1x� Th2xj j 6 r
t

mT
qB
ðh1x;h2xÞ þ k: ð3:10Þ
That is
qBðTh1; Th2Þ 6
r
t

mT
qB
ðh1x; h2xÞ:
Since the above inequality holds for any x 2W , and k > 0 is taken arbitrary, then
uðrÞ
t

qBðhz; ThzÞ 6 qBðhz; kzÞ ) qBðTh1; Th2Þ 6
r
t

mT
qB
ðh1x;h2xÞ:
Similarly we can show, by similar lines as above, that
uðrÞ
s

dBðhz; ThzÞ 6 dBðhz; kzÞ ) dBðTh1; Th2Þ 6
r
s

mT
dB
ðh1x;h2xÞ:
Therefore, the mapping T satisfies all conditions of Corollary 2.4. Thus, functional Eq. (3.1) has a bounded solution.
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