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1. Introduction and preliminaries

Let (X,d) be a metric space and CB(X) be a family of all nonempty closed and bounded subsets of X. A Hausdorff metric H
induced by the metric d of X is given by

H(A,B) = max {supd(x,B), supd@aA)}
XeA yeB

for every A, B € CB(X). A multi-valued mapping T : X — CB(X) is said to be a contraction if there exists a constant k € [0,1)

such that for any x,y € X,

H(Tx, Ty) < kd(x,y).

A point x € X is called a fix d point of T if x € Tx. In 1969 Nadler [19] obtained the following multi-valued version of Banach
contraction principle.

Theorem 1.1. Let (X,d) be a complete metric space and T : X — CB(X) be a contraction. Then T has a fixed point.
Nadler’s multi-valued contraction theorem [19] (see also [9]) was subsequently generalized among others by [6-
8,21,17,11,22,15,16]. Recently Djori¢ and Lazovi¢ [12] proved the following Suzuki type fixed point theorem.

Theorem 1.2 [12]. Let (X,d) is a complete metric space and T : X — CB(X). If there exist 0 < r < 1 and a non-increasing function
@ from [0,1) into (0, 1] defined by
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; (1.1)

and
@(r)d(x,Tx) < d(x,y) implies

H(Tx, Ty) < r max {d(x, ), d(x, Tx),d(y,Ty),w}

forallx,y € X, then T has a fixed point.

The concept of b-metric space was introduced by Czerwik in [10]. Several fixed point results for single and multi-valued
mappings have been established in the framework of b-metric spaces (see [4,10,24]). In this paper we obtain Kikkawa-Suzuki
type fixed point theorems for multi-valued mappings by using two b-metrics. Our results extend and unify recently obtained
results for multi-valued mappings. Moreover, using these results we have shown the existence of solution of functional
equation arising in dynamic programming.

Definition 1.3 [10]. Let X be any nonempty set and s > 1 be a given real number. A mappingd : X x X — R, is said to be a b-
metric if and only if for all x,y,z € X, the following conditions are satisfied:

(dq) d(x,y)=0if and only if x = y;

(d2) d(x,y)=d(y,x);

(ds) d(x2) <sld(x.y) +d(y.2).

A pair (X,d) is called a b-metric space. Following are some examples of b-metric spaces.

Example 1.4 [4]. The space I, = {(x)
defined by

. 1p
d(x,y) = <len ynl")
n=1

is a b-metric. Note that
d(x,z) < 2'P[d(x,y) + d(y,2)]

with s =27 > 1.

v C R}, where > 1 x;, < oo}, (0 < p < 1), together with the mapping d: I, x I, — R

ne

Example 1.5 [4]. The space L,(0 < p < 1) of all real functions x(t),t € [0,1] such that fol |x(t)Pdt < oo is a b-metric space
equipped by b-metric given by

dixy) = ([ "o —y(r)”dt)w.

The constant s is same as obtained in the previous example.

Definition 1.6. Let (X, d) be a b-metric space. A sequence {x,},.y in X is called:

(a) Cauchy if and only if for € > 0, there exists n(e) € N such that for each n,m > n(e) we have d(x,,xn) < €.
(b) Convergent if and only if there exists x € X such that for all € > 0 there exists n(€) € N such that for all n > n(€) we
have d(x,,x) < €. In this case we write lim,_.. x, = x.

It is known that a sequence {x,},.y in b-metric space X is Cauchy if and only if lim,_., d(X,,xn,p) = 0 for all p € N. A se-
quence {x,},.y is convergent to x € X if and only if lim,_.. d(x,,x) = 0. A subset Y C X is called closed if and only if for each
sequence {x,},.y in Y which converges to an element x, we have x € Y. A subset Y c X is called bounded if diam(Y) is finite,
where

diam : P(X) — R. U {co}, diam(Y) =sup{d(a,b),a,b e Y}
is the generalized diameter functional, where P(X) is the collection of all nonempty subsets of a b-metric space. A b-metric
space (X, d) is said to be complete if every Cauchy sequence in X is convergent in X. In the sequel, we denote CB(X) by set of all

closed and bounded subsets of a b-metric space (X,d). In consistent with Monica [18], let D : P(X) x P(X) — R, U {oo} be
defined by

D(A,B) = inf {d(a,b)|a € A,b € B}
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for any A, B C X, here D is called the gap functional between A and B. In particular if xy € X, then
D(xo,B) := D({xo}.B).
Let H: P(X) x P(X) — R, U {oo} be defined by
H(A,B) = max {supD(x,B), supD(A,y)}
xeA yeB
for any A,B c X. Here H is called (generalized) Pompeiu-Hausdorff functional between A and B. We state the following

known results from [10] needed in the sequel.

Lemma 1.7. Let (X, d) be a b-metric space. We have following:

(i) For A€ P(X) and x € X,

D(x,A) < s[d(x,y) + D(y,A)], forall x,y € X.

(ii) For {xn}r_o C X,
d(Xq,X0) < sd(x0,%1) + - + " 1d(Xp_2,Xn_1) + " 1d(Xn_1, Xn).

(iii) For A,B,C € P(X) we have
H(A,C) < s[H(A,B) + H(B,C)].

(iv) For A,B € CL(X). Then for each oo > 0 and for all b € B there exists a € A such that
d(a,b) < H(A,B) + a,

A,B € CB(X). Also for all b € B there exists a € A such that

d(a,b) < sH(A,B).

Remark. Let (X,d) be a b-metric space. Then D(A, B) and H(A, B) will be denoted throughout in this work by D4(A, B) and
Hg4{d}(A,B), respectively with respect to b-metric space (X, d).

2. Fixed point theorems
Now we shall prove our main fixed point theorem.

Theorem 2.1. Let X be a nonempty set, d and p be two b-metrics on X with constants s > 1 and t > 1, respectively and
T:X — CB(X). Let ¢ : [0,1) — (0, 1] be defined as in Theorem 1.2, that is,

1 0<r<!
gD(r){l—r 1<r<1 @)

Suppose that (X, d) is a complete b-metric space and there exists ¢ > 0 such that d(x,y) < cp(x,y) for all x,y € X. If there
exist 0 < r < min{l,1} such that for all x,y € X

s

@Dp(x, Tx) < p(x,y) implies H,(Tx,Ty) < %M;(x,y) (2.1)
and

@Dd(x, Tx) < d(x,y) implies Hq(Tx, Ty) < gMg(x.,y), (2.2)
where

M} () = max { p(x.y) D1, ), D,y Ty), 253 eV B0
and

M}(x.y) = max {d<x,y>,Dd<x, Tx). Dy(y. Ty), 2TV ¢ Dd(y’m}

2
Then T has a fixed point.
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Proof. Suppose that r; and q are real numbers suchthat0 <r<ry<land1<g< % Let u; € X and u; € Tuy. Then there
exists us € Tu, such that
p(ua2,u3) < gH,(Tuq, Tup).
Since 2" < 1, then we have
@(r)

TDp(ul,Tul) < Dy(uy, Tuq) < p(uq,up).

Now from (2.1) we have

T D,(uq, Tuy) +D,(uy, Tu
p(uz7u3)<qu(Tu1,Tuz)<TQmax{p(uuuz)7Dp(u1,Tul)-,Dp(uzJuz), o(th 2)2 ot 1)}
r 1
<1Tqmax{p(ul,uz)7p(uz,u3),§p(u17u3)}-
Thus
rq 1
oz, usz) < - max{p(uhu2)7p(u2,u3),§p(u17u3)}. (2.2a)

If max{p(uy,uz), p(uz,us), 5 p(Us, us)} = p(uy, uz), then from (2.2a),
pluz,us) < 2 p(ur, ).

If max{p(u1,uz), p(uz,u3),1 p(uy,us)} = p(uz,us), then
p(uz,u3) < %P(uzvus)

implies that p(u,u3) = 0 which further implies that u; = u, € Tu,.
If max{p(u1,uz), p(u2,uz),5 p(Us,u3)} =3 p(uyr,uz), then from (2.2a) we have

r riqt riqt
p(uia, i3) < zl—gp(ul,ua) < ;—zp(ul,uz) +%P(U2,U3)
and hence
rq
<
pluz,Uz) < 5— rqu(UhUz)
Therefore,

nqg nq
< — .
P(Uz,u3)\max{ t ’2—r1q}p(u1’u2)

Continuing this process, we obtain a sequence {u,} in X such that u,,; € Tu, and

(Un, Uny1) < Max (Myfl ng \"’ (uy,u,) for every neN (2.2b)
P(Un,Uny1) S t ; 271’1(] pu, U ry . .
Since r1q < 1/t and ¢t > 1 imply
rnqg 1 1
AT
rq < 1/t _ 1
2-1q 2-1/t 2t—1’
then
nqg nq 1
ma"{?z_nq}<m'
Put
1
abTaE

Then from (2.2b) we have

P(Un, Un1) < A p(uy, up) for every neN. (2.20)
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Since 1 < t, then we have 1 < 1. Moreover,

.t
M72t—l<1'

Now, we shall show that {u,} is a Cauchy sequence. From (ii) in Lemma 1.7 and (2.2c) we have
P(Un, Unip) < EP(Un, Uny1) + P (Unst, Uns2) + - + tpilp(unwﬂv Unyp1) + tpilp(unwfl s Unip)

<) p(ur, uz) + ()" plur, uz) + -+ 7P pun, up) + ()PP p(ur, up)

N

t)" ™ p(uy,up) |1+ A4+ (EAP 2 + % P <) puy, up)[1+ th+ -+ (E)P2 + (EA)P7Y).

Since t2 < 1, then we get

- 1—(tH)P
Pl ) < £2)" plat, 1) 1L
—
Hence it follows,
i i - 1—(ta)?
,!,L“;P(Un, Unip) < Ilin;t(),)" ]p(ulvuz)% ~0

forall p € {1,2,3,...}. Therefore, we proved that {u,} is a Cauchy sequence in (X, p). Now d(x,y) < cp(x,y) implies that {u,}
is also a Cauchy sequence in (X, d). By completeness of X, there exist z € X such that

limu, =z

n—oo
Now we shall show that

Dy(z,Tx) < g max{d(z,x),D4(x,Tx)} for all x # z. (2.3)
As lim,_ u, = z, there exist a positive integer no € N such that d(z,u,) < [1/(3s)]d(z,x) for all n > n,. Since u,,; € Tu,, then
we have

@Dd(um’run) < %Dd(umTun) < %d(umuﬂﬂ) < d(u”7z) + d(Z, Uns1)-

Hence for any n > ny,

(1) 2
TDd(un, Tu,) < §d(z,x).

Since

2 1 1 1
§d(z,x) = Ed(z,x) - §d(z,x) < Ed(z,x) —d(uy,z) < d(uy, x),

then we have
@Dd(un,run) < d(up,X).

Now from (2.2),

Da(tns1,Tx) < Ha(Ttin, TX) < g max {d(un,x),Dd(un, Tuty), Da(x, Tx), D¢ %) ; Da(x, T”")}

< g max {d(un7X)7 d(um Uni1), Da(x, Tx), Paltn. 19 d(X7 unH)}.

2

Letting n tends to infinity we get

Da(z,Tx) < g max {d(z,x), Da(x, Tx),W}. (2.32)
If we suppose that (2.3) does not hold, that is, that
Dq4(z,Tx) > g max{d(z,x),Dq(x, Tx)}, (2.3b)

then from (2.3a),

r Dy4(z, Tx) + d(x,2)
A At et
Dd(27 TX) N5 2
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Hence we get,asr <1 <s,

Da(z, TX) d(x,2) < gd(x,z) < g max{d(z,x), Da(x, Tx)}.

T
S2s—r

This is in contradiction with (2.3b). Therefore, from (2.3a) we have that (2.3) holds for all x # z.
Now we shall prove that z € Tz.
Consider at first the case 0 < r < 1/2. Suppose, to the contrary, that z ¢ Tz. Then, we can choose a € Tz such that

2rd(a,z) < Dy(z,T2). (2.4)
AsacTzand z ¢ Tz imply a # z, then from (2.3) with x = q,

Dqy(z,Ta) < g max{d(z,a),Dq(a,Ta)}. (2.5)
Since a € Tz and 22Dy (z, Tz) < D4(z, Tz) < d(z, a), then from (2.2) we have

Palz.T) + Dala. TZ)} <! max {d(z, 0).d(z.).Dy(a,Ta), PE 1D Ta)}

Hy(Tz,Ta) < max{d(z,a),Dd(z, Tz),Dqy(a, Ta),

i y»i=s

< max{d(z,a),Dd(a,Ta),w}.
Hence, and by (2.5), we get
Ha(Tz,Ta) < g max {d(z, a), Da(a, Ta)}. (2.6)
Since a € Tz, then Dqy(a, Ta) < Hq(Tz, Ta). Therefore, from (2.6) we have
Ha(Tz, Ta) < g max {d(z, a), Hy(Tz Ta)}.
Hence, as r/s < 1,

Hy(Tz,Ta) < -d(z,q). (2.7)

©vi=

From (2.7),
Dy(a,Ta) < d(z,a).
Now by (2.5), (2.7) and (2.4) we have
Dy(z,Tz) < sDy(z,Ta) + sHq(Tz, Ta) < rmax{d(z,a),Dq(a,Ta)} + rd(z,a) = rd(z,a) + rd(z,a) < D4(z, Tz).

This is a contradiction. Thus we proved that z € Tz.
Consider now the case § < r < 1. We shall prove that

Da(x,Tz) 4+ Dy(z, Tx)}

(2.8)

Hy(Tx, Tz) < g max {d(x,z),Dd(x, Tx),D4(z, Tz), 3

for all x € X. If x = z then (2.8) holds trivially. So, assume that x # z. Then for each n € N, there exists y, € Tx such that
d(z,y,) < Da(z,Tx) + %d(x, Z).
Then by the b-triangle inequality we have
Dy(x, Tx) < d(x,y,) < sd(X,2) +sd(z,y,) < sd(x,z) + sDq4(z, Tx) + %d(x,z).
Hence, by (2.3),
Dg(x, Tx) < sd(x,z) + rmax{d(z,x), Da(x,Tx)} + %d(&z). (2.8a)
If max{d(z,x),Dq4(x,Tx)} = d(x,z), then from (2.8),
Da(x, Tx) < sd(x,2) + rd(z,x) + %d(x, 2) < sd(x,2) + rsd(z,x) + %d(x, 2) < [s(1+1)+ %} d(x.2).
This implies
#Dd(x, Tx) < {1 +;} d(x,z).
s(1+r) (1+nrn

Hence, as ¢(r) =1 —r, we have
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@Dd(x, T = 1"

Dq(x,Tx) < Dq(x,Tx) < {1 + X,2).

1 1
s(1+r) 1+ r)n} d

On taking limit as n tends ad infinity we obtain
@Dd(x, Tx) < d(x,2).

Then from (2.2) with y = z we get (2.8).
If d(x,z) < Dq(x,Tx), then from (2.8a),

Dg(x, Tx) < sd(x,z) + rDa(x, Tx) + %d(x, Z).

Hence
@Dd(& Tx) < (1 +%>d(x,z).
Letting n tends ad infinity we get
a-n
S
that is,

Dq4(x,Tx) < d(x,2),

@Dd(x, Tx) < d(x,2).

Then again from (2.2) with y = z we get (2.8). Thus we proved that (2.8).
From (2.8) with x = u, we have

Di(n1.T2) < Ha(Tup ) < § mac{d(un,2). D ). Doz, T, P22 T2 2 Do T |

2

< g max {d(un,z), d(uy, tyi1), Dy(z, Tz),Dd(u”’ T2) +d@z, u””)}.

2

Letting n tends ad infinity we obtain
Du(z,T2) < gnd 2,T2).

Hence, as £ < 1, we have Dy(z,Tz) = 0. Since Tz is closed, then z € Tz
Example 2.1. We know that (I,,d), where 0 < p < 1,

o0
> Il < 00}7

n=1

I = {(Xn) CR

d:l, x I, — R is defined by

0 1/p
d(x.y) = (len —ynl"> :
n=1

where  X=(X,),y=(,) €l,, is a b-metric space with s=2Y. Let Xcl, be defined by
X={x = (21—5,0,0, ...),%2=(0,1,0,...),x3 = (070,2%, ...)} and (X, d) be the subspace of I,. Consider p(x,y) = 2d(x,y). Both d

and p are b-metric spaces with s = 2% and t = 2%. It is noted that d(x,y) < cp(x,y) holds for any c¢ > . Let ¢(r) be defined
as in Theorem 2.1. Define T : X — CB(X) as follows:

Tx — {{x1,x3} when x # x;
L {x) when x = x,

Let as take r =1. Then @(r) =1 and 0 <r < min{(Z%)'l, (2%)'1} < 1. Note that for x = x; or x3, we have D,(x,Tx) = 0. For

X=X
[1
Dy(x2,Tx2) = Dp(X2,{X1}) = p(X2,%1) = 2T+1 ~ 1.000122.

So for x = x, and for all y # x,, we have

pX2,y) = \/;z 1.000122.
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This implies that “’Er D,(x2, Tx;) ~ 1009122 . 0.3536. Hence for all x # y,
2

20D, .19 < pix.y)

holds. For x € {x1,x3}, and y € {x;,x3} we have H,(Tx,Ty) = 0. Now

/1
H,(Tx1,Txz) = Hy({X1, %3}, {x1}) = p(X1,X3) = 2—1 ~ 0.0221.

Also, we have
Hp(TX],TXQ) = Hp(TX27TX]) = HP(TXQ,TX3) = HP(TX3,TX2).

As p(x1,X;) = ,/2%+1 ~1.000122 and { = —% ~ 0.11785, and £ p(x;,x;) = 0.11786. This implies

r
Hy(Tx1,Tx2) < - p(X1,%2).

-~

Hence for all x,y € X

r . r
@Dﬂ(x, Tx) < p(x,y) implies H,(Tx,Ty) < EM;(x,y)

holds true where

M3 (9) = max{ p(.9). D, 0 T). Dy . Ty), X T2 Do L

Similarly, it can be shown that for all x,y € X,
@Dd(xjx) < d(x,y) implies Hy(Tx, Ty) < gMg(x,y).

Hence all the conditions of Theorem (2.1) are satisfied. Moreover, x; and x; are fixed points of T.
From Theorem (2.1) we have the following corollaries.

Corollary 2.2. Let X is a non-empty set, d and p be two b-metrics on X with constants s > 1 and t > 1 respectively. Let
@ :[0,1) — (0, 1] be defined as in Theorem 2.1. Suppose that (X, d) is complete b-metric space and there exists ¢ > 0 such that
d(x,y) < cp(x,y) for all x,y € X. Assume there exist 0 < r < min{1,1} < 1, such that T : X — CB(X) satisfies

20, . Tx) < pix.y) implies H,(Tx.Ty) < % max{p(x,y), D,(x, T), D, (v, Ty)} 29)
@Dd(x, Tx) < d(x,y) implies Hy(Tx, Ty) < max{d(x ¥),Da(x,Tx),Da(y, Ty)}. (2.10)

for all x,y € X. Then T has a fixed point.

Corollary 2.3. Let X is a nonempty set, d and p be two b-metrics on X with constants s >1 and t > 1 respectively. Let
@ :[0,1) — (0, 1] be defined as in Theorem 2.1. Suppose that (X,d) is a complete b-metric space and there exists ¢ > 0 such that
d(x,y) < cp(x,y) for all x,y € X. Assume there exist Let o,f,7,6 €[0,1) and r=o+f+7+25=r<min{l,1} such that
T : X — CB(X) satisfies

(p(r) D,(x,Tx) < p(x,y) implies

t
Hy(Tx, Ty) < %[ap(x ¥) + BDy (X, TX) + 7D, (y. Ty) + 25(D, (x. Ty) + D (v, Tx)] (2.11)
and
%r) 1(x, Tx) < d(x,y) implies
Hy(Tx, Ty) < %{ ad(x,y) + fDa(x, Tx) + 7Da(y, TY)] + 25(Da(x, Ty) + Da(y, Tx))] (2.12)

for all x,y € X. Then T has a fixed point.
For single-valued mappings we have the following result.
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Corollary 2.4. Let X be a nonempty set, d and p be two b-metrics on X with constants s > 1 and t > 1 respectively. Let ¢(r) be
defined as in Theorem 2.1. Suppose that (X, d) is a complete b-metric space and there exists ¢ > 0 such that d(x,y) < cp(x,y) for all
x,y € X. Assume there exist 0 < r < min{1,1} such that T : X — X satisfies

20 o 1) < ply) = p(Tx Ty) < Fml (), 213)

and
20 45, < dex,y) = d(T Ty) < S ), (2.14)

for all x,y € X, where

mi () = max { px.). px T py. ), PRSP,

ml(x,y) = max {d(x,y),d(x, Tx),d(y, TyLW}.

Then T has a fixed point. Now we give an example where Theorem 2.1 of [12] can not be applied, whereas our Theorem 2.1 is
applicable.
Example 2.5. Let X = {0,1,2} and d : X x X — R be defined as

d0,1)=2, d(1,2) = %, d0,2) =1,

0,1
d(0,0)=d(1,1) =d(2,2) =0,
d(a,b) =d(b,a) for all a,b e X.

Note that

2 =d(0,1)£d(0,2) +d2,1) =1 +%

Hence (X, d) is not a metric space. Indeed (X, d) is a b-metric space with s = > 1. For simplicity, let a b-metric p be defined
by p(x,y) = d(x,y). Then t = s, and we will use the notations Dy = D, =d and Hy = H, = H. Let ¢(r) be given as in Theo-
rem 2.1. Define T : X — CB(X) as follows:

I 7{{0,2} when x # 1
|l {0} whenx=1

If we take r =Z < 1, then ¢(r) = 2. Note that for x = 0 or 2, we have d(x,Tx) = 0. For x = 1,d(1,T1) = 2. Since

max{d(x,Tx) : x € X} =2; min{d(x,y) : x,y € X} :%

and as 22 = 1 we have that
@d(x, Tx) < d(x,y)

holds for all x,y € X. For x € {0,2}, and y € {0,2} we have H(Tx,Ty) = 0. Now, as
H(T1,T2) = H(T1,T0) = H({0},{0,2}) =1,

we have

7., T Y
H(T1,T2)<§- _gd(l,Tl)_SM (1,2),

7., T T
H(T1,70) < g-2=d(1,0) = -M'(0.1).
Therefore, for all x,y € X
%r)d(x, Tx) < d(x,y) implies H(Tx, Ty) < EMT(X,y).

So all the conditions of Theorem 2.1 are satisfied. Moreover, 0 and 2 are fixed points of T.
On the other hand, if we take usual metric d on X, then again
p(nd(x,Tx) < d(x,y)
holds for all x,y € X. Now for x =1 and y = 2 we have
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H(T1,T2) = H({0},{0,2}) = 2.
Also,

d(1,2)=1, d(1,T1) =1, d(2,T2)=0, d(1,T2) =1, d(2,T1) =2,
implies that M(1,2) =3, where

M (x,y) = max{d(l,z),da,n),d(z,T2),w} - max{l, 1,0,%} - %

Thus
r3
H(T1,T2) = 2;{T-§ =rM(1,2)
for any r € [0, 1). So Theorem 2.1 of Djori¢ and Lazovi¢ in [12] is not applicable in this case.

Remark. If we take p =d and s =t =1 in Theorem 2.1, then it reduces to the Theorem 2.1 of [12]. Moreover, Theorem 2.1
provides the answer to the Question 1 posed in [25] in spaces endowed with b-metrics.

Corollary 2.2 is the generalization of Corollary 2.1 in [12] and therefore it further generalizes Theorem 2.2 in [15] and
Kannan fixed point theorem in [14].

Corollary 2.4 extends Corollary 2.3 in [12], which in turn becomes the generalization of results in [14] and Theorem 3.1 in
[13].

3. Applications

In this section we assume U and V are Banach spaces, W C U and D C V. Let R be the field of real numbers, 7 : W x D — W,
g:WxD—R,and G: W x D x R — R. Consider here W and D as the state and decision spaces respectively. It is known that
the problem of dynamic programming related to multistage process reduces to the problem of solving the functional
equation:

p(x) = Syl;},){g(x’y) +6(xy,p(tx.¥)))},x e W. (3.1

For the detailed background of the problem (see [2,3,5,1,20,23]). In this section, we study the existence of solution of the
functional Eq. (3.1).

Let B(W) denote the set of all bounded real-valued functions on W. For an arbitrary h € B(W), define ||h|| = sup |hx|. Then
(B(W),|-]|) is a Banach space endowed with the metric xw

pB(h7 k) = Sup‘hx - kx'a
xeW

where h, k € B(W).

Suppose that the following conditions hold:

(DT — 1) G, g are bounded.

(DT — 2) Let dg = kpy for k > O, then dg(h, k) < cpg(h, k) is satisfied for any ¢ > k > 0. dg and dg are b-metrics on B(W) with
any constants s > 1 and t > 1 respectively.

(DT — 3) ¢@(r) be defined as in Section (1) and for h,k € B(W) and x,z € W. Let T be defined as

T(hx) := Sylelllg{g(xﬂ) + 6%y, h(z(x.¥)))} (32)

There exist 0 < r < min{1,1} such that

T
o) (h,Th) < pg(h, k G(x,y.hz) — G(x.y.kz)| < -m" (hz kz
t pB ) \,03( ) ):>| ( 7ya ) ( ay', )|\t pB( ) )

and
@) 4 (h, Thy < ds(h, k) = |G(x.y, hz) — G(x,y, kz)| < “mI (hz,
s B\It, X UB\'E Y ) (7Y7 z)|\smd3( Z,(Z),
where
m,, (hz,kz) = max {pB(hz, kz), py(hz, Thz), py(kz, Tkz),pB(hz’ Tkz) er ps(kz, Thz)} (3.3)
and, similarly,
m}, (hz,kz) = max {dB(hz, kz),ds(hz, Thz), dp (kz, Tkz), ds(hz, Tkz) ; ds (kz, Thz) } (3.3a)
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Theorem 3.1. Assume that the conditions (DT — 1) — (DT — 3) are satisfied. Then the functional Eq. (3.1) has a unique bounded
solution.

Proof. Notice that (B(W), p;) is a complete metric space, where p; is the metric induced by the supremum norm on B(W). T
is a self map of B(W). Let 4 be an arbitrary positive number and h;, h; € B(W). Pick x € W and choose y;,y, € D such that

Thlx<g(x7.V])+G(X7y]’h](r(x7y1)))+)‘7 (34)
Th2x < g(xy.VZ) + G(xvyz’hz(‘[(xhyZ))) + 4. (35)
Further

Thix > g(x>y2) + G(X7y27 hy (T(XJZ)))
and
Thox > g(x,y1) + G(X, y1, ha(T(X, ¥1)))-
Then from (3.4) and (3.7) implies
Thix — Thox < G(x,y1, h1(T(X,1))) — G(x,y1, ha(T(X,¥))) + 4 < [G(X,¥1, h1 (T(X. 1)) = G(x,¥1, h2(T(X, )| + 2
< ;mf,ﬁ (i, hox) + 2 (38)
and from (3.5) and (3.6),

DT (hax, hyx) + 7. (3.9)

Tth — Th]X < £ Mo

So from (3.8) and (3.9), we have
Thyx — Thyx| < %mzs(hlx, hyx) + 2. (3.10)

That is
p5(Thy, Thy) < ;mf)ﬂ(hm, hyx).

Since the above inequality holds for any x € W, and . > 0 is taken arbitrary, then
@pg(hz Thz) < pg(hz, kz) = py(Thy, Thy) < %mzs(hlx,hzx).

Similarly we can show, by similar lines as above, that

@dg(hz, Thz) < dg(hz, kz) = dy(Thy, Thy) < £m§B (hyx, o).
Therefore, the mapping T satisfies all conditions of Corollary 2.4. Thus, functional Eq. (3.1) has a bounded solution.

References

[1] R. Baskaran, P.V. Subrahmanyam, A note on the solution of a class of functional equations, Appl. Anal. 22 (3-4) (1986) 235-241.
[2] R. Bellman, Methods of Nonliner Analysis, Vol. II, vol. 61 of Mathematics in Science and Engineering, Academic Press, New York, NY, USA, 1973.
[3] R. Bellman, E.S. Lee, Functional equations in dynamic programming, Aequat. Math. 17 (1) (1978) 1-18.
[4] V. Berinde, Generalized contractions in quasimetric spaces, Seminar on Fixed point theory, Preprint no. 3 (1993) 3-9.
[5] T.C. Bhakta, S. Mitra, Some existence theorems for functional equations arising in dynamic programming, J. Math. Anal. Appl. 98 (2) (1984) 348-362.
[6] Lj. Cirié, Fixed points for generalized multi-valued contractions, Matematicki Vesnik, vol. 9(24), 1972, pp. 265-272.
[7] Lj. B. Ciri¢, ].S. Ume, N.T. Nikoli ¢, On two pairs of non-self hybrid mappings, ]. Aust. Math. Soc. 83 (1) (2007) 17-29.
[8] Lj. Ciri¢, Multi-valued nonlinear contraction mappings, Nonlinear Anal., vol. 71, 2009, pp. 2716-2723.
[9] H. Covitz, S.B. Nadler Jr., Multi-valued contraction mappings in generalized metric spaces, Israel J. Math. 8 (1970) 5-11.
[10] S. Czerwik, Nonlinear set-valued contraction mappings in B-metric spaces, Atti Sem. Mat. Univ. Modena 46 (1998) 263-276.
[11] P.Z. Daffer, H. Kaneko, Fixed points of generalized contractive multi-valued mappings, J. Math. Anal. Appl. 192 (1995) 655-666.
[12] D. Djori¢, R. Lazovi¢, Some Suzuki type fixed point theorems for generalized multi-valued mappings and applications, Fixed Point Theory Appl., pp.
1687-1812-2011-40.
[13] Y. Enjouji, M. Nakanishi, T. Suzuki, A Generalization of Kannan’s fixed point theorem, Fixed Point Theory Appl 2009, Article ID 19287 (2) (2009) 10.
[14] R. Kannan, Some results on fixed points - II, Am. Math. Mon. 76 (1969) 405-408, http://dx.doi.org/10.2307/2316437.
[15] M. Kikkawa, T. Suzuki, Some similarity between contractions and Kannan mappings, Fixed Point Theory Appl., Article ID 649749, 8 pages, 2008.
[16] M. Kikkawa, T. Suzuki, Three fixed point theorems for generalized contractions with constants in complete metric spaces, Nonlinear Anal. 69 (2008)
2942-2949.
[17] N. Mizoguchi, W. Takahashi, Fixed point theorems for multi-valued mappings on complete metric spaces, J. Math. Anal. Appl. 141 (1989) 177-188.
[18] B. Monica, Fixed point theory for multi-valued generalized contraction on a set with two b-metrics, Studia Univ. Babes-Bolyai, Mathematica, vol. LIV,
Number 3, 2009.
[19] S.B. Nadler Jr., Multi-valued contraction mappings, Pac. J. Math. 30 (1969) 475-488.


http://dx.doi.org/10.2307/2316437

L. Ciri¢ et al./ Applied Mathematics and Computation 219 (2012) 1712-1723 1723

[20] H.K. Pathak, Y.J. Cho, S.M. Kang, B.S. Lee, Fixed Point theorems for compatible mappings of type P and applications to dynamic programming, Le
Matematiche 50 (1) (1995) 15-33.

[21] S. Reich, Fixed Points of contractive functions, Bollettino della Unione Matematica Italiana 5 (1972) 26-42.

[22] P.V. Semenov, Fixed points of multi-valued contractions, Funct. Anal. Appl. 36 (2) (2002) 159-161.

[23] S.L. Singh, S.N. Mishra, On a Ljubomir Ciri¢ fixed point theorem for nonexpansive type maps with applications, Indian J. Pure Appl. Math. 33 (4) (2002)
531-542.

[24] S.L. Singh, C. Bhatnagar, S.N. Mishra, Stability of iterative procedures for multi-valued maps in metric spaces, Demonst. Math. 37 (2005) 905-916.

[25] S.L. Singh, S.N. Mishra, Coincidence theorems for certain classes of hybrid contractions, Fixed Point Theory Appl. 89810 (9) (2010) 14.



	Suzuki type fixed point theorems for generalized multi-valued mappings  on a set endowed with two b-metrics
	1 Introduction and preliminaries
	2 Fixed point theorems
	3 Applications
	References


