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1. Introduction

The peristalsis comes from a Greek word peristaltikos which means compressing and clasping. Hence peristalsis is a pro-
cess by which transport of fluid occurs through a distensible tube when progressive waves of area contraction and expansion
propagate along its length. Such process is very common in physiology and industry. The biomedical instruments, for in-
stance the blood pumps in dialysis and the heart lung machine involve the mechanism of peristalsis. In order to avoid con-
tamination of the outside environment, the process of peristaltic transport of a toxic liquid in nuclear industry is quite useful.

Since pioneering works of Latham [1] and Shapiro et al. [2], the peristaltic motion has been extensively studied in both
mechanical and physiological situations under different conditions. Mention can be made to some interesting recent studies
[3-15] in this direction. However, the interaction of peristalsis in presence of an induced magnetic field and heat transfer has
not been accorded much attention. Concept of heat transfer analysis is very useful in accessing the blood flow rate through
the initial thermal conditions and the thermal clearance rate. The flow of blood can be estimated by a dilation technique. In
this process, heat is either injected or generated locally and the thermal clearance is monitored. Specifically the bioheat
transfer plays a vital role in destroying undesirable tissues, hyperthermia, laser therapy and cryosurgery [3]. Recently, Mek-
heimer [16,17] examined the peristaltic transport of couple stress and micropolar fluids under the influence of an induced
magnetic field. Hayat et al. [18] have discussed the induced magnetic field effects on peristaltic flow of a third order fluid in
symmetric channel.

In this communication, the interaction of peristalsis with an induced magnetic field and heat transfer has been studied for
the motion of a Carreau fluid in an asymmetric channel. The flow modeling is based upon the constitutive, continuity,
momentum, energy, Maxwells’ and induction equations. Series solutions are presented. Variation of pertinent parameters
on the flow quantities are sketched and discussed.
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2. Development of the mathematical problem

Let us investigate the MHD flow of an incompressible Carreau fluid in an asymmetric channel of width d; + d,. The sinu-
soidal waves traveling down its walls are written as follows:

Y = hy(X,Y,t) = d +a cos |:2;_7'C X - ct)}; upper wall,

Y = hy(X,Y,t) = —d, — by cos {2}_71 (X —ct)+ q&}; lower wall. (1)

In the above equations a;, b; are the wave amplitudes, / is the wavelength and ¢ (0 < ¢ < ) is the phase difference.
When ¢ =0 it corresponds to symmetric channel with waves out of phase and when ¢ = 7 it corresponds to the situation
when waves are in phase and

@ + b2 + 2a;b; cos ¢ < (dy + da)?.
We have an interest in carrying out the flow analysis in wave frame (x',y’). The coordinates and the velocities in the lab-
oratory (X',Y’) and wave (x',y’) frames are related by the following equations
X =X — Ct/, y/ — Y/7
U,y)=U-c, vXy)=V, (2)
in which (U,V') and (v/,v') are the respective velocities in the laboratory and wave frames. A constant magnetic field of
strength H;, is applied in the transverse direction. This gives rise to an induced magnetic field H'(hy(X',Y',t"),

hy (X', Y',t'),0) and hence the total magnetic field becomes H"* (hy, (X', Y',t'). Hy + h{, (X', Y', t'),0).
The fundamental equations governing the flow in the present problem are

V'H/:O, V'E/:O, (3)

VxH =], J=0{€+uN xH"}, @
, oW

Vxé€ = _H9W7 (5)

V-V =0, ©

p |:§+ (V- V)}\T = -Vp +divt - Me{(ﬂ/+ V) 7%(HH)2V}’ 7

pcp%: KV°T +1; L. ®

In the above expressions 7, is the Cauchy stress tensor, L = gradV, p’ the pressure, J the current density, i, magnetic per-
meability, ¢ the electrical conductivity, € electric field, C, the specific heat at a constant volume, xthe thermal conductivity
and T the temperature. The velocity V' is defined by

V' =,7,0) 9)
and an extra stress tensor T is
= [no(1+ (N7 5, (10)

1

1 IOCH
3 Z Xj:%j"/ﬁ =\V3™

where 1) is zero shear-rate viscosity, I" the time constant, n the dimensionless power law index, 7 the second invariant of
strain-rate tensor and infinite shear stress viscosity is absent. When n=1 or I" = 0; Eq. (3) reduces to a viscous fluid.
Induction equation after using Egs. (3)—(5) takes the form

P =

I+
i:vx{vxﬂ’*}ﬂvzﬂ’* (11)
ot ¢
in which { = 1/ap, is the magnetic diffusivity.
Defining
2y W v 2mtc 2mdip _ pca
X= 2 ) y*d—], u*?) y*?: t= ) ) p* Cl,u ) Re*?-
o d1T/ o h/] - h/] - 4 _ ' - 27'Ed1 o Hy e
T—'uc7 hl—a7 hl—a7 .P_E7 @_Hodl 0= T St—?wz7
d, a4 az T—-To pvCy c?
Ry = =, =— ===, = , Pr= , E= , 12
m = OHac, d d] @ d1 ’ d] 0 T, — Ty r K Cp(Tl — To) ( )
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Egs. (7) and (11) give

dy Ox  Ox 9y

Res oY o 9¥ 9\ oY :7% OTxx 8rxy+R552 0P 9 09 0 8(15
dy x  0x dy

ay x Ot dy y
WP | 20Ty
ay 0 ok O

_Res?{ (0¥ 0 _ 0¥ 9)\o¥] _ _
Reo {( N dy 0x 0x dy

ox
oY [O¥Y 0D OV 0D 2
e (a—ya—‘a—a—y> Rm” £

%0 N=1) 2, [PV PV PY

ay? y>? oy?
where
_¥ 0¥ g, 0% __;%®
ay’ ~ Tox’ Yoy 7Y ox’

V2 25—;+§—;,

fxx—fZ{l +(";1)We2y2}%,
rxy:—[l+(n;1)We2y2} @2;1_52%2;’)7
Tyy:Zé{l +( 5 1)We2/2} gx(;‘l;

v\’ (v L ov v\
YV — 2 2 2
7= {25 (c’)xay) + <6y2 0 8x2> +26 (8x8y> ] ’

P gegis? (a@ o o a)a@

s
2
ReS; =—- T

2
Res?s2 I ®

L oxoy’
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(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

Here § is a wave number, We the Weissenberg number, S; the Strommer’s number, Re the Reynolds number, R;;, the magnetic
Reynolds number, p,, the magnetic pressure, M the Hartman number, Pr the Prandtl number, E the Eckert number and Br the

Brickman number.
Egs. (13)-(16) after invoking long wavelength approximation yield [2,7,10-15]:

ap 0 n-1),, [P\ | ¥ ) ow
8x8yH1+ 2 we y? y? +M oy )
p

8y =0,

%+l82£—f

0y Rnoy: 7

90 n-1). ,(?v\| (?¥)
where Eq. (24) shows that p # p(y) and hence p = p(x).
With the help of Egs. (23) and (24) we obtain

[ a0 e () | 2
y? 2 ay? oy?

The dimensionless boundary conditions [5,6,15] and pressure rise per wavelength (Ap,) are

, PP

ke

(27)
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F ov ’
T:T B—yz—l, ®=0, 6=0 aty=h;=1+acos2nx,
'{/:—g, %:—1, ®=0, 0=1 aty=hy=—d-bcos2nx+ ¢), (28)
2n d
p
o [ (3o -
2= ) @), (29)

The dimensionless mean flows in laboratory (0) and wave (F) frames are related by the following expressions
0=F+d+1, (30)

hi(x) oY
F :/h a_ydy =P(hi(x)) — P(hy(x)). Y

2(X)

3. Perturbation solution

For series solution we write

V= Wy + We? ¥, + O(We?), (32)
@ = Py + We &, + O(We?), (33)
F = Fo + We*F; + O(We*), (34)
p =Py + We’p, + O(We?). (35)

Upon making use of above equations into Egs. (23) and (25), (26), (27), (28) and then solving the resulting systems and
retaining the terms of O(We?), we have
1
1280
—cosh(M(y — 2h; + hy)) + 2My(—6sinh(M(y — hy)) + 6 sinh(M(y — hy)) — 8 sinh(M(h; — hy))

<M4(—1 +m)We? (hy — hy)?(2(— cosh(M(3y — hy — 2hy)) + cosh(M(y + hy — 2hy)) + cosh(M(3y — 2h; — hy))

+sinh(2M(h; — hz)))) +M(12M(~1 + cosh(M(y + hy)))h? — (24My — 12My(cosh(M(y + hy))

+cosh(M(y + hy))) — 12 sinh(M(y — hy)) + sinh(M(3y — hy — 2h;)) — 3sinh(M(y + hy — 2hy))
+12sinh(M(y — hy)) + sinh(M(3y — 2h; — hy)) — 16 sinh(M(hy — hy)) + 2 sinh(2M(h; — hy))
—3sinh(M(y — 2hy + hy)) + 12M(—1 + cosh(M(y + h1))hy) + h1(24My — 12My(cosh(M(y + hy))
+cosh(M(y + hy))) + 12 sinh(M(y — hy)) + sinh(M(3y — hy — 2h;)) — 3sinh(M(y + hy — 2hy))
—12sinh(M(y — hy)) + sinh(M(3y — 2h; — hy)) + 12 sinh(M(hy — hy)) — 2sinh(2M(h;, — hy))

—3sinh(M(y — 2h; — hy)) + 12M(cosh(M(y — hy)) — cosh(M(y + hy))h,)))) + L31_L4 2 cosh(M(y + hy))(cosh(My)
_ sinh(My)) sinh (% (y— h2)> (cosh (% 2y +hy + h2)> + sinh g 2y +h + h2)>>

+ g (cosh(My) — sinh(My))(2(cosh(2My) — My cosh(M(y + h;)) — My cosh(M(y + h,)) — cosh(M(h; + hy))

+ sinh(2My) — My sinh(M(y + hy)) — My sinh(M(y + hy)) — sinh(M(hy + h3)) + M(cosh(M(y + hy))
+sinh(M(y + hq)) + sinh(M(y + hy)))hy + sinh(M(y + hy))h,) + (— cosh(My)
+ sinh(My)(y(cosh(M(y + hq)) — cosh(M(y + hy)) + sinh(M(y + h;)) — sinh(M(y + hy))

+ 2 cosh <%(y—h2)> sinh (%(yfh1)> (cosh( (2y +hi + hy) ) + sinh (M 2y + hy +hz))>h2>>)>>), (36)

dx (Ls (=2(1 +¢)sinh ( (hy +h2)> — cosh <%(h1 + h2)> —ehy + €hy)) )

128L3
( 7(=1 4 n)(hy — hy)}(—24sinh(Mh;) + 32 sinh(M(h; — hy)) — 4sinh(2M(h; — hy))

+ 24 sinh(Mhy) — 2 sinh(M(h; — 2hy)) — 2 sinh(M(2h; — hy)) + 6 sinh(M(2h; + h))
— 6sinh(M(h; + 2hy)) — 3M(—4M sinh(Mhy)h? + hy(—8 + 8 cosh(Mh; ) + cosh(M(h — 2hs))

<We2 (192M7( 1+n)cosh<2 (hy +h2)> <sinh< (hy +h2)>) (F+ hy — hy)?
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+ cosh(M(2hy — hy)) — cosh(M(2hy + hy)) — cosh(M(hy + 2h3)) + 4M sinh(Mh;)h;)
+ h;(8 — 8 cosh(Mh,) — cosh(M(hy — 2h;)) — cosh(M(2h; — hy)) + cosh(M(2h; + hy))
+ cosh(M(hy + 2h;)) — 4M sinh(Mh, )h, + 4M sinh(Mhz)hz)))> +Ll <M7(—1 +n)(hy — hy)?(~72 sinh(Mh;)

1

— 72 sinh(Mh;) + 2 sinh(M(h; — 2h,)) + 2 sinh(M(2h;y — hy)) — 54 sinh(M(2h; + hy))
+ 54sinh(M(h; + 2h,)) + 3M(—4M sinh(Mh,)h? + h,(16 cosh(Mh;) + 8 cosh(Mhs) + cosh(M(h; — 2hs))
+ cosh(M(2hy — hy)) — 9 cosh(M(2hy + hy)) — 9 cosh(M(hy + 2hy)) + 4M sinh(Mh,)h;)

+ h1(—8 cosh(Mhy) — 16 cosh(Mh;) — cosh(M(h;y — 2h;)) — cosh(M(2h; — hy)) + 9 cosh(M(2h; + hy))
+9cosh(M(hy + 2hy)) — 4 sinh(Mh; )h, + 4M sinh(Mh,)h,)))))). (37)

The expressions of magnetic force function ®and axial induced magnetic field h, are

— 1 3 M M
T ((64L1M (F(G +My(12+My(3 + 2My)>> cosh (5 (hy - h2>) - 6F<cosh (j 2y h h2)>

+2sinh (% 2y —hy — h2)>> +6(My? + F(—2 + My)) sinh (g (hy — h2)>
+ 64LfM<6 cosh (% 2y —hy — h2)>h2 — 6M(F + y) sinh <%(h1 — hz))hz
+ cosh (g (hy — h2)> hy(—3(2 + EM(4 + M?y?)) + FMPhy(—3 + Mhy)) + 3Me(y? — h%)L1>

+ (2(36My cosh(M(y — hy)) — 36My cosh(M(y — hy)) — 36 sinh(M(y — hy)) + sinh(M(3y — hy — 2hy))

—sinh(M(y + hy — 2hy)) + 36 sinh(M(y — hy)) — sinh(M(3y — 2h; — hy)) + 36 sinh(M(y — hy))
— sinh(M(3y — 2h; — hy)) + 8(—4 + 3M?y?) sinh(M(h; — hy)) + (2 — 3M?y?) sinh(2M(h; — hy))

+3sinh(M(y — 2h; + hz))) + Mh, (cosh(M(3y —hy —2hy)) — 9 cosh(M(y + hy — 2h3)) + 72 cosh(M(y — hy))
— 64 cosh(M(hy — hy)) + cosh(2M(h; — hy)) — 9cosh(M(y — 2h; + hy)) + 6My(—6(—My + sinh(M(y — hy))
+ Slnh(M(y — hz))) — 8sinh <M(h1 — hz))(—z — My(] + My) + Mhz(l + Mhz)) + 2M€(—y + hz)Ll)

— (72 cosh(M(y — hy)) + cosh(M(3y — hy — 2hy)) — 9cosh(M(y + hy — 2hy)) + cosh(M(3y — 2hy — hy))
— 64 cosh(M(hy — hy)) + 6 cosh(2M(h; — hy)) + 6Mh, (6 sinh(M(y — hy)) — 6 sinh(M(y — hy))
—8sinh(M(hy — hy)) — 6Mh;))L,) + 12M?h% (=3 sinh(M(y — hy))L;

+M(y — hy) (64L§ sinh (%(m - h2)> + 3Lz>>>Rm)>>, (38)

1
h, =
" 128LiM

+ sinh (% 2y —hy — h2)> + (F + 2y) sinh <% (hy — h2)> + 128L§'M (—2 cosh (% (2y — hy — hz)) hy

((128L§M(F(2 + My(1 + My)) cosh <%(h1 - hz)) - F(Z cosh <%(2y —hy - h2)>

_sinh (g 2y —hy — h2)>h1 + sinh (g 2y —hy - h2)>h2 _sinh (%(h1 _ h2)> (hy(1 4+ 2My — 2Mhy) + hy)
_ cosh (%(hl _ h2)> (=2 + FM(1 + My))h; + EM2(y — hy)hy) + yel, — h16L1>

12 (cosh(M(By _ hy — 2hy)) — cosh(M(y + hy — 2hy)) — cosh(M(3y — 2hy — hy)) + cosh(M(y — 2h; + hy))Ls
+ M(—4y(—6 sinh(M(y — hy)) + sinh(M(y — hy)) — 8 sinh(M(hy — hy)) + sinh(2M(h; — hz)))

—hy (24My — 12My(cosh(M(y — hy)) + cosh(M(y — hz))> +12sinh(M(y — hy)) + sinh(M(3y — hy — 2hy))

—3sinh(M(y + hy — 2hy)) — 3sinh(M(y + hy — 2h,)) + 12 sinh(M(y — hy)) + sinh(M(3y — 2hy — hy))
—16sinh(M(hy — hy)) + 2sinh(2M(hy — hy)) — 3 sinh(M(y — 2h; — hy)) + 12M(— cosh(M(y — hy))hy)h,

+12M(~1 + cosh(M(y — h])))hﬁ)Lz)Rm))))). (39)
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Expression of temperature is

] 2 416712018 3672p 18 2167218
0= (Lg - <262144L]M2Lg(<(BrWe (16384F L512M3Lg — 65536F>FSL2MPLyo + 9830F*LSL2M®Ly,

— 65536FLCLSM® Ly, + 16384L$13M°B L3 — 393216L5L2M L1y + (4115 + Mhy(4Lig — Li7) + Lig + 4(Lio + Lzo)))L§L§>
— 32M*h$ (5121 12M*Lyy + 3Ly, LE12) + AMPh] (1 6384L5L3M°Ly3Lyq + Lys + Lo — L27)LgL§
~ 3MPH (32768L7L5M LasLas ) + Lao + 4MhaLsr ) LAL; — 2Mhy (327268F°L{13 L,
+98304F?L812 L5 L35 + 98304FL°I2 L3y Lag + 327681812 L35 L5 + 19660L°I2Lsg — Ly + Lag — Lag + Lag + 6MhyLag ) ) ) ) ,
where
L, = 2sinh (%(h1 _ h2)> + Mcosh (g(h1 _ hz)) (—hy + hy),
Ly = M°(—=1 +n)(h; — hy)?,

L, — cosh (g (hy + h2)> + sinh @(h] + hz)),

Ly = 2sinh (g(h1 _ h2)> _ Mcosh <¥(h1 + h2)> hy + M cosh (%(hl - h2)> hy,

Ls = —2sinh (% (hy — h2)> + Mcosh (g (hy — h2)> (hy — hy),

Lg = 4sinh (% (hy — h2)> + 2M cosh <g

(hy — hz)> (—h1 + hy),

Ly = M®(—1 +n)(hy — hy)?,

Ls L (2BrM*RY(—y + hy) + BriMPhy(—F + hy)(—2M?y — cosh(M(h; — hy)) + cosh(2My — M(h, — hy)

T 2(h - hy)L2
+ 2M?yh, + BrM?hy (—F + hy)((=2M?y? — cosh(M(h; — hy)) + cosh(2My — M(h; — hy))F
+3(2M?y? + cosh(M(hy — hy)) — cosh(2My — M(hy — hy))hy + 2M?(F — 2y)h; — 2M?h;)
+ BrM?h? (—2F(M2 (F — 2y)y — cosh(M(hy — hy)) + cosh(2My — M(h; — h)))
+ (2M*(F — y)(F + 3y) — 3cosh(M(h; — hy)) + cosh(2My — M(h; + hy)) — 8M?Fh + 6M*h3)
+ BrM?h? (2M*y(—F + y) — cosh(2My — M(hy — hy)) + 2M*(2(F +y) — 3hy)) + 2(-y + hl)Lg))»))),

Lo = (=1 + n)(24M?y? 4+ 16 cosh(M(h; — hy)) — cosh(2M(h; — hy)) + cosh(4My — 2M(h; — h;)) — 16 cosh(2My
—M(hy + hy))),

Lio = (=1 +n)(6M?y(F + 4y) + 16 cosh(M(h; — hy)) — cosh(2M(h; — h,)) + cosh(d4My — 2M(h; + hy))
— 16 cosh(2My — M(hy + hy))hy),

Lt = (=1+n)(8M?y(2F + 3y) + 16 cosh(M(hy — h2)) — 16 cosh(2M(hy — hz)) + cosh(4My — 2M(h; + hy))
— 16 cosh(2My — M(h; + hy))h3),

Lz = (=1 +n)(12M*y(3F + 2y) + 16 cosh(M(h; — hy)) — cosh(2M(h; — h,)) + cosh(4My — 2M(h; + hy))
— 16 cosh(2My — M(hy + hy))h),

Lz = (=1 + n)(24M*y(4F +y) + 16 cosh(M(h; — hy)) — M*y?) + cosh(4My — 2M — 2M(h; + hy))
— 16 cosh(2My — M(hy + hy))h3,

Lis = (1 +n)yh3,
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Lis = (=1635 + 5264M2y? — 192M*y* + 12(137 + 24M?y?) cosh(2M(y — hy)) — 9 cosh(4M(y — hy))
— 153 cosh(M(4y — hy — 3h;)) + 84 cosh(M(2y + hy — 3h,)) + 18 cosh(2M(3y — hy — 2hy))
+2cosh(2M(y + hy — 2hy)) + 12(137 + 24M?y?) cosh(2M(y — hy)) — 9 cosh(4M(y — hs))
— 153 cosh(M(4y — 3hy — hy)) + 18 cosh(2M(3y — 2hy — hz)) — 3460 cosh(M(2y — hy — hy))
— 576M?y? cosh(M(2y — hy — hy)) + 324 cosh(2M(2y — 2h; — hy)) — 36 cosh(3M(2y — hy — hy))
+ (3529 — 4872M%y? + 192M*y*) cosh(M(h; — hy)) — 4(497 + 96M*y?) cosh(2M(h; — hy))
+ (105 — 8M?y?) cosh(3M(h; — hy)) — 11 cosh(4M(h; — hy)) + 84 cosh(M(2y — 3h; + hy))
+ 2 cosh(2M(y — 2hy + hy)) + 96My sinh(2M(y — h;)) — 108 My sinh(M(4y — h; — 3hy))
+ 48 sinh(M(2y + hy — 3hy)) + 96My sinh(2M(y — hy)) — 108 sinh(M(4y — 3h; — hy))
— 288My sinh(M(2y — hy — hy)) + 216My sinh(2M(2y — hy — hy)) + 48My sinh(M(2y — 3h; + hy))),

Lig = (—1692 sinh(2M(y — hy)) + 18 sinh(4M(y — hy)) — 99 sinh(M(4y — hy — 3hy)) + 144 sinh(M(2y + h; — 3hy))
+6sinh(ZM(y + hy — 2hy)) 4+ 1594 sinh(2M(y — h)) — 18 sinh(4M(y — hy)) + 207 sinh(M(4y — 3h; — hy))
+ 144 sinh(M(2y — hy — hy)) — 108 sinh(2M(2y — hy — hy)) — 534 sinh(2M(h; — hy))
+4My(—96 cosh(2M(y — hq)) — 27 cosh(M(4y — 3h; — 3hy)) + 24 cosh(M(2y + hy — 3hy))
— 48 cosh(2M(y — h,)) + 27 cosh(M(4y — 3h; — hy)) + 2(72 cosh(M(2y — h; — hy))
+ (609 — 48M?y?) cosh(M(h; — hy)) + 48 cosh(2M(h; — hy)) + cosh(3M(h; — hy))
— 12 cosh(M(2y — 3h; + hy)) + 6My(—6sinh(2M(y — hy)) + 6 sinh(2M(y — hy))
— (102 — 4M?y? + 32 cosh(M(hy — hy)) + cosh(2M(hy — hy))) sinh(M(h; — hy)))))),

L7 = 1476 sinh(2M(h; — hy)) — 45 sinh(3M(h; — hy)) — 2(2632My — 192M°y® + sinh(4M(h; — h,))
+965sinh(2M(y — 2y + hy)) + 9sinh(6My — 2M(2h, + hy)) — 9 sinh(6My — 2M(h; + 2h,))),

Lig =9cosh(4M(y — hy)) — 27 cosh(M(4y — hy — 3h3)) + 36 cosh(M(2y — hy — 3hy)) + 6 cosh(2M(y + hy — 2hy))
+4(253 + 24M?y?) cosh(2M(y — hy)) — 9 cosh(4M(y — hy)) — 171 cosh(M(4y — 3h; — hy))
— 36 cosh(2M(2y — hy — hy)) + 12 cosh(3M(2y — hy — hy)) — 293 cosh(M(h;y — hy)) — 988 cosh(2M(h; — hy))
—21cosh(3M(h; — hy)) + 6 cosh(2M(y — 2h; + hy)) + 6 cosh(2M(y — 2h; + hy)) + 288 cosh(2My — M(h; + hy))
+ 6 cosh(6My — 2M(2h; + hy)) + 6 cosh(6My — 2M(h; + 2hy)),

20 T T T T T T T T T
M=25

——=-M=3
M= 35

-120

-140
2

L L L L L L L L L
22 24 2.6 2.8 3 3.2 3.4 3.6 3.8 4
6

Fig. 1. Plot showing Ap, versus flow rate 0. Here n = 0.398, We =0.01, a=0.6, €¢=04, $=%, b=04and d=1.1.
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Lig = ((3 + 48M?y?) cosh(M(2y — hy — hy)) + My(168 sinh(2M(y — hy)) — 9sinh(M(4y — hy — 3hy))
+ 12 sinh(M(2y + hy — 3hy)) + 1624 sinh(M(h; — hy)) + 2My((—403 + 8M?y?) cosh(M(h; — hy))
— 58 cosh(2M(h; — hy)) — 3 cosh(3M(h; — hy)) — 64My sinh(M(h; — h)) + 256 sinh(2M(h; — h,))
+ 8sinh(3M(hy — hy)) — 3(8sinh(2M(y — hy)) + 3 sinh(M(4y — 3h; — hy)) + 24sinh(M(2y — hy — hy))
+65sinh(2M(2y — hy — hy)) — 4sinh(M(2y — 3h; + hy)))))),

Lyo = 4Mh,(92My — 32M3y* — 48My cosh(2M(y — hy)) — 48My cosh(M(2y — hy — hy))112My cosh(2M(h; — hs))
+6My cosh(3M(hy — hy)) — 96 sinh(2M(y — hy)) + 24sinh(2M(y — hy)) + 9 sinh(M(4y — 3h; — hy)) + 36
x sinh(M(2y — hy — hy)) + 9sinh(2M(2y — h; — hy)) — 12 sinh(M(2y — 3hy + hy)) — 24Mh;, + 48M>y*h, + 24M
x cosh(2M(y — hy))hy — 32M°y?h5 + 3 sinh(2M(hy — hy))(—11 — 8M?y? + M2yh,) + sinh(M(h; — h,))(=57
— 72M?y* + 136M>yh,) + 2My cosh(M(h; — h,))(435 — 16M?y? + 8M*h3)),

Ly = (—1 4 n)(24M*(4F +y)y — 16 cosh(M(h; — hy)) + cosh(2M(h; — hy)) — cosh(4My — 2M(h; + hy)) + 16
x cosh(2My — M(hy + hy)) + 24M2hy (—4F — 3y + 4hy)),

25 1 1 1 1 1 1 1 1 1
0

Fig. 3. Plot showing Ap, versus flow rate 0. Here n = 0.398, We =0.01, M=1, €=04, ¢ =%, b=04andd=1.1.
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Ly = (3 — 6M2y? — 3cosh(2M(y — hy)) + 17M sinh(M(hy — hy))(y — ha) + 3M sinh(2M(hy — hy))(y — hy) — 8M2yh,
+ 18M?yh, + 10M? cosh(M(h; — hy))hy(y — hy) + 14M?h3),

L3 = (=14 n)(F - hy),

Lya = (12M2y(—3F + 2y) + 16 cosh(M(h; — hy)) — cosh(2M(h; — h,)) + cosh(4My — 2M(h; + hy)) — 16 cosh(2My
— M(hy + hy)) + 12M*(3F +y — 3h*)hy),

Lys = 3(92My — 32M?%y® — 48My cosh(2M(y — h,)) — 48My cosh(M(2y — hy — hy)) + 24 sinh(2M(y — hy)) + 9
x sinh(M(4y — hy — 3hy)) — 12 sinh(M(2y + hy — 3hy)) — 96 sinh(2M(y — hy)) + 36 sinh(M(2y — hy — hy)) +9
x sinh(2M(2y — hy — hy)) + 112M cosh(2M(h; — hy))(y — hy) + 6M cosh(3M(h; — hy))(y — hy) + 4Mh;
— 96M>y*h, — 48M cosh(2M(y — h,)) + 48M cosh(M(2y — hy — hy))h, — 32M?y?h + 160M>h; + sinh(M(h,
— h2))(57 + 72M?y? + 8M? (50y — 59h,)h;)),

40 T T T T T T T T T

30 L L L L L L L L L
0 02 04 06 08 1 12 14 16 18 2

Fig. 4. Plot showing Ap, versus flow rate 6. Here n = 0.398, We =0.01, M=1, €=04, ¢ =%, a=06and d=1.1.

100 L L L L L L L L L

Fig. 5. Plot showing Ap, versus flow rate 0. Here n = 0.398, We =0.01, M=1, €=04, $=%, a=06and b=04.
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Lys = 3sinh(2M(h; — hy))(11 + 8M?y? 4+ 8M?(2y — 3hy)hs),
Ly; = 2M cosh(M(h; — hy))(=y + h2)(435 — 16M2y? + 32M?h,(y + 2h,)),
Lyg = (=14 n)(F — hy)?,

Lyo = (8M?(2F — 3y)y — 16 cosh(M(h; — hy)) + cosh(2M(h; — h,)) — cosh(4My — 2M(h; + hy)) + 16 cosh(2My — M(h;
+ hy)) + 8M?hy(—2F +y + 2hy)),

L3 = 1131 + 624M%y? — 64M"*y* — 4(253 + 24M?y?) cosh(2M(y — hy)) + 9 cosh(4M(y — hy)) + 171 cosh(M(4y — h;
—3hy)) — 164 cosh(M(2y + hy — 3hy)) — 6 cosh(2M(y + hy — 2hy)) — 12(95 + 8M?y?) cosh(2M(y — hy)) + 9
x cosh(4M(y — hy)) + 27 cosh(M(4y — 3h; — hy)) + 36 cosh(2M(2y — hy — hy)) — 12 cosh(3M(2y — hy — hy))
+ 296 cosh(M(h; — hy)) + 988 cosh(2M(h; — hy)) + 21 cosh(3M(h; — hy)) + 3 cosh(4M(h; — hy)) — 36
x cosh(M(2y — 3h; + hy)) — 288 cosh(2My — M(h; + hy)) — 6 cosh(6My — 2M(2h;y + hy)) — 6 cosh(6My
— 2M(h; + 2hy)) + 4(=3(—1 + 18M?y?) cosh(M(2y — hy — hy)) + My(24 sinh(2M(y — h)) + 9 sinh(M(4y — h;
—3hy)) — 12sinh(M(2y + hy — 3hy)) — 168 sinh(2M(y — h2)) + 9 cosh(M(4y — 3h; — hy)) + 72 sinh(M(2y — hy
— hy)) + 18sinh(2M(2y — hy — hy)) + 1624 sinh(M(h; — hy)) + 2My((403 — 8M?y?) cosh(M(h; — h,)) + 56
x cosh(2M(h; — hy)) + 3 cosh(3M(h; — hy)) — 64My sinh(2M(h; — hy))) + 256 sinh(2M(h; — hy)) + 8
x sinh(3M(hy — hz)) — 12sinh(M(2y — 3h; + hy)))),

Ls; = (—=36My — 32M>y? + 48My cosh(2M(y — hy)) — 96My cosh(2M(y — h,)) — 48My cosh(M(2y — hy — hy))
+ 2My(499 — 16M*y?) cosh(M(h; — hy)) + 112My cosh(2M(h; — hy)) + 6My cosh(3M(h; — hy)) + 48 sinh(2M(y
— hy)) + 18 sinh(M(4y — 3hy — hy)) + 36 sinh(M(2y — hy — hy)) + 9sinh(2M(2y — hy — hy)) + (—1453
+ 600M2y?) sinh(M(h; — hy)) + (157 + 72M*y?) sinh(2M(h; — h,)) — 8 sinh(3M(h; — h,)) + 12 sinh(M(2y — 3h,
+ hy)) + 4Mhy(—6(—1 + 4M?y? + cosh(2M(y — hy)) + cosh(2M(y — hy)) — 4 cosh(M(2y — hy — hy)) + (—451
+ 48M?y?) cosh(M(h; — hy)) — 56 cosh(2M(h; — hy)) — 3 cosh(3M(hy — hy)) + 2Mhy (=59 sinh(M(h; — h3))) — 9
x sinh(2M(h; — hy))) — 2M cosh(M(hy — hy))(4y + 5hs) + 2M(2y + 7h,)))),

Lsy = (=2M*(F* — 12y?) + 16 cosh(M(hy — hy)) + cosh(2M(h; — hy)) — cosh(4My — 2M(h; + hy)) + 16 cosh(2My
—M(hy + hy))),

-1 -0.5 0 0.5 1
Y

Fig. 6. Axial induced magnetic field versus y for different values of M. Here n = 0.398, We=0.01, a=06, b=03,d=1.1, €=03, 0=3, ¢ =% and
x=0.2.
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L3z = (—2M*(F? — 12y?) + 16 cosh(M(h; — hy)) — cosh(2M(h; — h,)) + cosh(4My — 2M(h; — hy)) — 16 cosh(2My
—M(hy + h2)))ha,

Lsg = (4M?(2F* — 3Fy — 6y?) — 16 cosh(M(h; — hy)) + cosh(2M(h; — h,)) — cosh(4My — 2M(h; + h,)) + 16 cosh(2My
—M(hy + hy)))h3,

Lss = 12M?(=3F? + 4Fy + 2y?) + 16 cosh(2My — M(h; + hy))h3,
Lss = M(—1 + n)(4F — 3y)h3,
Ls; = 96608L°L2M°(—1 + n)h3,

Lss = (2(—1596 sinh(2M(y — hy)) + 18 sinh(4M(y — hy)) + 207 sinh(M(4y — hy — 3hy)) + 192 sinh(M(2y + h; — 3hy))
+ 6sinh(2M(y + hy — 2h,)) + 1692 sinh(2M(y — hy)) — 18sinh(4M(y — h,)) + 99 sinh(M(y — 3hy — hy)) — 144
x sinh(M(2y — h; — hy)) + 108 sinh(2M(2y — hy — hy)) — 543 sinh(M(h; — hy)) + 4My(48 cosh(2M(y — hy))
— 27 cosh(M(4y — hy — 3hy)) + 24 cosh(M(2y + hy — 3hy)) + 96 cosh(2M(y — hy)) + 27 cosh(M(4y — 3h; — hy))
— (72 cosh(M(2y — hy — hy)) + (609 — 48M?y?) cosh(M(h; — hy)) + 48 cosh(2M(h; — hy)) + cosh(3M(h; — hy))
+ 12 cosh(M(2y — 3h; + hy)) + 6My(6 sinh(2M(y — hy)) — 6sinh(2M(y — hy)) + (102 — 4M?y?* + 32 cosh(M(h,
— h3)) + cosh(ZM(hy — hy))) sinh(M(hy — hy))))),

Lo = 1476 sinh(2M(h; — hy)) — 45 sinh(3M(hy — hy)) — 2(—2632My + 192M%y? + 3sinh(4M(hy — hy)) + 72
x sinh(M(2y — 3hy + hy)) + 3 sinh(2M(y — 2hy + hy)) + 9sinh(6My — 2M(2h; + hy))),

Lyo = Mhy(—13921 + 48M*y*(9 + 4M?y?) 4+ 12(221 + 24M?y?) cosh(2M(y — hy)) — 27 cosh(4M(y — hy)) — 297
x cosh(M(4y + hy — 3hy)) + 300 cosh(M(2y + hy — 3h3)) + 18 cosh(2M(3y — hy — 2h3)) + 18 cosh(2M(y + hy
— 2hy)) — 27 cosh(4M(y — hy)) — 297 cosh(M(4y — 3hy — hy)) + 18 cosh(2M(3y — 2h; — hy)) + 2052 cosh(M(2y
—hy — hy)) — 108 cosh(2M(2y — hy — hy)) + 36 cosh(3M(2y — h; — hy)) + 8865 cosh(M(h; — hy)) — 2196
x cosh(2M(hy — hy)) — 47 cosh(3M(h; — hy)) — 9 cosh(4M(h; — hy)) + 300 cosh(M(2y — 3hy + hy)) + 18
x cosh(ZM(y — 2hy + hy)) + 12(221 + 24M*y?) cosh(2M(y — h,)) — 56 cosh(2M(h; — h,)) — 3 cosh(3M(h;
— hy))) + 3(24sinh(2M(y — hy)) — 3sinh(M(4y — hy — 3h,)) + 4 sinh(M(2y + h; — 3hy)) + 24 sinh(2M(y — hy))
— 3(sinh(M(4y — 3h; — hy)) + 8sinh(M(2y — hy — hy)) + 2sinh(2M(2y — hy — hy)) + 4sinh(M(2y — 3hy
+h2)))),

0.6 04 02 0 02 04 0.6
Y

Fig. 7. Axial induced magnetic field versus y for different values of ¢. Here n=0.398, We =0.01,a=0.6,b=0.3,d=1.1,€=0.3,0=3, M=1 and x=0.2.



3570 T. Hayat et al./ Commun Nonlinear Sci Numer Simulat 16 (2011) 3559-3577

-1 -0.5 0 0.5 1
Yy

Fig. 8. Axial induced magnetic field versus y for different values of 0. Here n = 0.398, We =0.01, a=0.6, b=03, d=1.1, €¢=03, M=1, ¢ =Z and
x=0.2.

Fig. 9. Current density distribution versus y for different values of M. Here n =0.398, We=0.01, a=06, b=03,d=1.1, €=03, 6=3, ¢ =% and
x=0.2.

La; = ((=36My — 32M>y® — 96My cosh(ZM(y — h;)) + 48My cosh(2M(y — h,)) — 48My cosh(M(2y — h; — hy))
+ 2My(499 — 16M2y?) cosh(M(h; — hy)) 4+ 122M cosh(2M(h; — hy)) + 6My cosh(3M(h; — hy)) — 120sinh(2M(y
— hy)) — 9sinh(M(4y — hy — 3hy)) + 12 sinh(M(2y + hy — 3hy)) + 48 sinh(2M(y — hy)) + 18 sinh(M(4y — 3h,
— hy)) +36sinh(M(2y — hy — hy)) + 9sinh(2M(2y — hy — hy)) + (1453 — 600M?y?) sinh(M(h; — hy)) + (157
— 72M*y?) sinh(2M(h; — hy)) + 8sinh(3M(h; — hy)) — 24 sinh(M(2y — 3hy + hy)) 4+ 2Mh, (56 cosh(2M(h; — hy))
+3cosh(3M(h; — hy)) — 2(1 — 24M?y? — 12 cosh(2M(y — hy)) + 12 cosh(M(2y — hy — hy)) + 8M?hy(2y + hy))
+ cosh(M(h; — hy))(435 — 48M?y? + 8M?hy(5y — hy))))LeL3).

4. Discussion

The main aim of this section is to study the behavior of involved key parameters on pressure rise per wave length (Ap;).
Therefore we have prepared Figs. 1-5. The variation of Hartman number (M) on Ap; is displayed in Fig. 1. Here pumping rate
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0.5

-05

-1

Fig. 10. Current density distribution versus y for different values of ¢. Here n=0.398, We=0.01,a=0.6,b=03,d=1.1,€=03,0=3,M=1 and x=0.2.

-08 -0.6 -0.4 -0.2 0 0.2 04
Y

Fig. 11. Current density distribution versus y for different values of 6. Here n = 0.398, We =0.01, a=06, b=03, d=1.1, €¢=03, M=1, ¢ =% and
x=0.2.

e a

0.6 0.8 1 1.2 1.4
X

Fig. 12a. Streamlines for M = 0.2. The other parameters area=b =04, d=1.1, n=0.498, We =0.03, ¢ =Zand 6 =1.5.
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X

Fig. 12b. Streamlines for M = 0.8. The other parameters are a=b=0.4, d = 1.1, n=0.498, We =0.03, ¢ =Z and 0=1.5.

1.5

—-0.5}

-1.5

QT

Fig. 13a. Streamlines for 6 = 1. The other parameters are a=b =04, d =1.1, n =0.498, We =0.03, ¢ =Zand M=0.2.

0.7 0.8 0.9 7 1.1 1.2 1.3
X

Fig. 13b. Streamlines for 0 = 2. The other parameters are a =b =0.4, d =1.1, n=0.498, We =0.03, $ =Zand M=0.2.
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15}

Fig. 14a. Streamlines for ¢ = 0. The other parameters are a=b=0.4, d=1.1, n=0.498, We=0.03, 0=1.5 and M =0.2.

Fig. 14b. Streamlines for ¢ = Z. The other parameters are a=b=0.4, d=1.1, n=0.498, We =0.03, 6= 1.5 and M =0.2.

0=4,¢=02 n-0398 We=0.04,x-2025

0.75 |

0.5

-1 -0.5 o 0.5 1
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Fig. 15a. Velocity distribution versus y for different values of M.
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increases with the decrease of M. In Fig. 2 we have discussed the effects of phase difference (¢). It is noticed that in both
pumping (Ap; > 0) and free (Ap, = 0) regions the pumping decreases with an increase of ¢. However in copumping region
(Ap; < 0) this situation is quite opposite. The pumping increases for large values of ¢. It is also noted that pumping rate in-
creases with the decrease of ¢. Figs. 3 and 4 reveal that pumping rate increases by decreasing the wave amplitudes a and b.
To observe the effects of channel width d on Ap, we have presented Fig. 5. It shows that pumping decreases when d increases
in pumping and free pumping regions. A quite reverse situation is observed in the copumping region where pumping in-
creases with the increase of the channel width.

Figs. 6-11 describe the influence of Hartman number (M), phase difference (¢) and volume flow rate (0) on the axial in-
duced magnetic field and the current density distribution. In Figs. 6-8 it is focused that an axial induced magnetic field h,
decreases by increasing M, ¢ and 0. Moreover h, is not symmetric about the origin because the phase difference is taken into
account. The axial induced magnetic field is in one direction in some part of the region whereas in the other part it is in oppo-
site direction. The current density distribution with y can be seen in Figs. 9-11. Fig. 9 shows that the current density distri-
bution increases near the channel walls when M increases and decreases near the center of the channel. In Fig. 10 we have
observed that J, decreases with an increase of ¢ whereas in the other region the behavior is reverse. In Fig. 11 it is noted that
(contrary to Fig. 9) the current density distribution is an increasing function of volume flow rate 0.

M=1,§=02,n-039, We=0.04,x-2025

-1 -0.5 [ 0.5 1
¥y

Fig. 15b. Velocity distribution versus y for different values of 6.

G=4,M=1,n- 0398 We= 004, x-0.25

0.5

-0.5

-1 -0.5 0 0.5 1
¥y

Fig. 15c. Velocity distribution versus y for different values of ¢.
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Figs. 12-14 are for phenomenon of trapping. Figs. 12a and 12b show the streamlines for M. These depicts that size of the
trapped bolus decreases with an increase of Hartman number M when ¢ = £. Figs. 13a and 13b provide the effects of volume
flow rate on trapping. The volume flow rate always affects the trapping phenomenon. These Figures show that the size of
bolus increases for large values of 0. Figs. 14a and 14b compare the trapping phenomenon between symmetric and asym-
metric channels. This Figure shows that size of the trapped bolus increases by increasing phase difference ¢. It is also ob-
served that trapped bolus moves towards left for large values of ¢.

Fig. 153, 15b and 15c shows the variation of velocity (u) versus y for different parameters. The effect of M on longitudinal
velocity (u) at cross section x = 0.25 is depicted in Fig. 15a. Here an increase in M causes a decrease in magnitude of u at the
boundaries and at the center of the channel u increases for large values of M. In Fig. 15b the effect of 0 on u is captured. It is
noticed that with an increase in 0 the velocity increases. Fig. 15c is just made to see the variation of u for different values of ¢.
It is observed that u increases when ¢ decreases and behavior is quite opposite in the other region. In Figs. 16a, 16b, 16c and
16d we have plotted the temperature distribution (¢') versus y for different values of parameters. In Figs. 16a and 16b ¢ in-
creases for large values of Br and for small values of M. Similarly ¢ increases with an increase in 0 (Fig. 16c). Fig. 16d shows
that in the present problem We has no effect on ¢'. It is noted from Fig. 16 that the shape of temperature profile is almost
parabolic.

1.2 —
-~ ~ — Br=m
/, T ~ --== Br=02
1
08
0.6
04
0.2
0
= 05 0 05 1
Yy

Fig. 16a. Temperature distribution versus y for different values of Br. Here n=0.398, We=0.01, a=0.6, b=0.3,d=1.1,€=0.3, M=1, $=0.6, 0=2 and
x=0.2.

08
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04
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Fig. 16b. Temperature distribution versus y for different values of M. Here n=0.398, We=0.01,a=0.6, b=0.3,d=1.1,€=0.3, Br=0.3, ¢ = 0.6, 0 =2 and
x=0.2.
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Fig. 16c. Temperature distribution versus y for different values of 0. Here n=0.398, We=0.01,a=0.6, b=0.3,d=1.1,€=0.3, Br=0.3, ¢ = 0.6, M=1 and
x=0.2.
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Fig. 16d. Temperature distribution versus y for different values of We. Here n =0.398,a=0.6,b=0.3,d=1.1,€ =0.3,M=1,Br=0.3,¢$=0.6,0=2and x=0.2.
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